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acbWdQegfDhjiDd!k,l6hjh$m.n	opkDqrnAesd
tvu l6wRie!xya.x t
t m.z.{po|k,qHeso}l]n~o}nAegi u n	inDAr[<ki,h*z u i66W<*qr6i<d
D,H.r] aWi,{}dRe u m	kegm u opn.o}n{|q u 6i,`dsk,q6{}in.i,eRl ug iDdQbcdQegi,hd u i i u degles¡.i1qrz	o}{po¢eRbylrWeg¡	iv	q u ego|kop	qregopn.i,nAego}egopiDd
egl%kl]{}{|qrzl u qHeso}£]i,{pbUoph'l]dgijq6iDl6hjie u o|kdQe u m	k¤esm u ieglUeg¡.i'n.i,eRl ugK¥y¦ ¡	opddRe u mk¤egm u i*h'op6¡Ae{}i<q6~eslq]i,l] u qr.¡.o|k
l u ]q6n.op§DqHeso}l]njlrn.lcciDdl u q¨ m.n	kegopl6n	q6{dQe u m	kegm u o}n	$¡.i u i!q u ego|kop	qHeso}n.$i,nAego}egopiDd6i,eq6dsdQop6n	iDq$dgiDko}©k! m.n	k¤eso}l]n
opnªeg¡.i%n.i,eRl ugK¥@« i,eD¬1dgi,{}`dQe u m	kegm u o}n	?opd'i,­Ae u iDhji,{pb®¡	q u ªegl®q]k¯¡.opi,£6iU¡.i,n°n	l±6{pl6zqr{1opnc l u hqHeso}l]n²qrzl6m.e$eg¡	i
n.i,eRl ug o|d!qO£Hqrop{pq6z.{pi ¥
³ nªes¡.opd*	q6i u ¬i u iDdgi,nAe$es¡.ici<dQop6n°q6n	es¡.iUiD£Oq6{}mqHegopl6nªl6[q~ m.{p{}b°.iDkiDnAe u qr{po}§DiDqrn	 u l]z.m	dQe$6iDl6hjie u o|k
dgi,{}`dQe u m	k¤esm u o}n.jqr	 u lAq6k¯¡ u i,{pbWo}n	jdgl6{pi,{pbl6n%{plWkDqr{Kl6zdQi u £HqHeso}l]nUl6n.iDo}]¡Azl u opn.'k,l6n.n	iDk¤eso}l]n	d l u dgi,n	dgl u n.i,eRl ug d ¥
¦ ¡.o|d´qr. u l]q]k¯¡j¡.iDqO£Wop{}b u i,{po}i<d1l]neg¡	iq6z.o}{po}eRb'l6iDq]k¯¡n.lcciyegl*iDdQegophjqregio¢e¯dlAdQo}egopl6nopnes¡.in.ieRl us ¬]o}eg¡ u i<dQiDke
egll6eg¡.i u n.lcci<d ¥´¦ ¡.o|d u i i u deglq6dsdQop6n.opn.j£Wo u egmqr{k,lAl u .o}n	qregi<degl	q u esopk,o}	qregopn.n.lcci<d ¥´¦ ¡.ikl]nAe u o}z.m.egopl6n~lreg¡	i
	q6i u o|dyeRl6 l6{|µU¶`· ¸q%dQophj.{}ij{po}]¡AeRiDo}]¡]e¨qrn	? m.{p{}b±.iDkiDnAe u qr{po}§DiD?£Wo u esm	qr{klWl u copn	qregiD®dQbcdQegiDhº¹ » ³R¼¨½¾ a.¿yopd
 u l6l]dgiD¬ u iD{}bWopn.l6n	{}b*l6n{plWkDqr{	k,l6n.n	iDk¤eso}£Wo}eRb*opnc l u hqHeso}l]nqrn	ji u Yn	i,op6¡Wzl u kl]h'h*m.n.o|k,qregopl6n ¥¦ ¡.o|dvo|d^egl$l6.l]dgi
eglhjlAdRei­co|dReso}n	jq6. u l]q]k¯¡.iDd u i,{pbAopn.ji,o}eg¡	i u l6n~ u ici,©	n.iDl]dgo¢eso}l]n.o}n	 u i i u iDnAego|qr{l u dgo}]n	qr{hji<q6dgm u iDhji,nAeDÀ^¶`·· ¸
eg¡	i?ciDdgo}]nÁq6n	Ái,£Hqr{pm	qregopl6n²l6¨qÂn.i,eRl ug ]i,l]h'i,e u opk~dgi,{}`dQe u m	kegm u o}n	Âq6. u l]q6k¯¡9¹ ¼ ie¯ÃiDlAa.¿'o|d u iDdgi,nAesiD²eg¡	qre
i,nqrz.{piDd%q²{|q u 6iÂdQi,e%l6$n.lcci<deslÁk,l6nc©	]m u i?eg¡	i,hdQiD{}£]iDdo}nÄq u z.o}e u q u bC]i,l]h'i,e u opk±dRe u m	kegm u iDd ¥Å¦ ¡.iÂi,£Hqr{pm	qregopl6n
ciDh'l]n	dQe u qHegi<deg¡	qreeg¡.iq6. u l]q6k¯¡opd´zlres¡~iÆkopi,nAe[qrnq]k,km u qregi¡.o}{piq6k¯¡	o}iD£Aopn.*eg¡.i]i,l]h'i,e u opk¨dQe u m	k¤esm u o}n. ¥
Ç@ÈAÉKÊgË$Ì HÍ] x!mcesl6n.l]hjl6m	dydQbcdQegi,h~¬Ãi,l]h'i,e u opk$dRe u m	kegm u opn.	¬Î/lck,q6{}o}eRb6¬KaWi,{}Yl u Aqrn.op§,opn.jn.i,eRl ug ¬aci,n	dgl u n	ieQ
l us ¬W»yo u egm	q6{klWl u copn	qregi¨dQbcdQegi,h ¥
Ï|ÐÑgÒ`ÓDÔ´ÑÕÖ|ÒY×YØÙ
ÚÛ ÜÝ/ÛÞÂÝ/ßRàOàOßRá=â ãKäåßæ`ç¯è¤à<ßÞæ=éêç¯à,æ=ëíìDî<ßRâ|Û ÝÛåïDÞ1ðrñHäYç¯à<òQß
ÚÚó àOë ôßRäåáYë æ=õ^öOß1ÝßRàOàOßRáv÷âÛ Ý/ÛåïDÞðHñHä=ç¯àOòRß
ÚÚÚ ó àOë ôßRäåáYë æ=õ^öOß1ÝßRàOàOßRáv÷âÛ Ý/ÛåïDÞðHñHä=ç¯àOòRß
ÚÚÚÚ ó àOë ôßRäåáYë æ=õ^öOß1ÝßRàOàOßRáv÷âÛ Ý/ÛåïDÞðHñHä=ç¯àOòRß
ÚÚÚÚÚ Û ÜÝ/ÛÞï<ç¯òRéêçRø[âÛéíß^öOß^ñHä=ç¯àOòRßá=îOöAð<ñHäYç¯àOòRß
Centre National de la Recherche Scientifique Institut National de Recherche en Informatique
(UMR 6074) Université de Rennes 1 – Insa de Rennes et en Automatique – unité de recherche de Rennes
     % 
&%+) )/0
10 ¨+ $ +j0
	
  
  ½ i u qr.l u e^ u Ddgi,nAegi´m.ndgbWdQegfDhji!ci!klWl u cl]n.n.,i<d£Ao u egm.iD{}{piDd^q].qrces{pqdQe u m	k¤esm u qHegopl6n*6Dl6hje u oAm.i
ci<ddQbcdQegf,hji<d* u q6n	ci¨Dk¯¡	i,{p{}i ¥
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  aWbcdQegfDh'iqrmcesl6n.l]hji6¬OdRe u m	kegm u qHeso}l]n6Dl6hje u oAm.i6¬O{plWkDqr{po¢es6¬Hqrm.eglr`l u ]q6n.o|dgqregopl6n/¬ u DdgiDq6mcikDqrcesi,m u dD¬
dgbWdQegfDhji¨.iklWl u cl6n	n.,i<d£Wo u esm.i,{p{piDd ¥
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dgbWdQegiDhLo|dk¯¡	q u q6kegi u op§,i<yzWbyeg¡.i´qrz	o}{po¢eRbeslyqrm.egl6hqrego|k,qr{p{pbq].qrceo¢e¯dzi,¡qO£Aopl u q6kDkl u copn.
eglUh'lcco}©kDqHegopl6ndlr^o}esdyi,nW£Wo u l6n.hjiDn]e!o}eg¡	l6mce u i Am.o u o}n.q6n~i­Wegi u n	q6{opnAegi u £6iDnAegopl6n ¥´¦ ¡.o|deRbW.o|k,qr{p{pbåqr{p{|d!opn]esleg¡	i
i,{p{¢  n.lHn "!$# %'&( u l6i u egopiDd!¹=dQm	k¯¡q6d1dgi,{}`¡.iDq6{}opn.l u dQiD{¢dQesqrz	o}{po}§<qHeso}l]n/¬6¡.o|k¯¡¡	qO£]i u lH£6i,n'esl$zi[¡.op6¡.{pb'ziDn.i©.
ko|qr{K l u qrm.egl6n	l6hjl6m	d´dgbcdResi,hds¿*) +	¬Q, ¥^t i,i u Yegl6Yi,i u dQbcdQegi,hd!q6n	o u i,{piDdsddQiDn	dgl u n.ieRl us dq u i[eRbW.o|k,q6{/i­.q6h'	{}i<d
lr´qrmcesl6n.l]hjl6m	ddQbcdQegiDhjd ¥$³ n®o u i,{piDdsd¨dQiDn	dgl u n.ieRl us d,¬eg¡	i'q u ego|kop	qHeso}n.%i,nAeso¢eso}i<d¹ådgi,n	dgl u ds¿yq u i*.i,.{plHb6i<?lH£6i u
q]i,l6 u q6.¡.o|k,q6{Kq u i<q.¬	q6n	@klWl]i u qregiopn?l u ci u eslUkl]{}{piDkegop£6iD{}b~q6kDkl6hj.{po|dQ¡@dgl6hji6op£6iDn~ m.n	k¤eso}l]n°¹-!	.0/1.p¬/k,l6n	dgo|dResi,nAe
]qreg¡.i u opn.*lrk u o}ego|k,q6{opnc l u hqHeso}l]n¿ ¥32 l u i6iDn.i u qr{p{}b]¬Adgi,ndQl u `z	q6dgiDjq6mcegl]n.l6hjl6mddgbcdResi,hd.{pqObq6nUoph'l u esq6nAe u l6{pi
opn~dgm u £6iDo}{p{pq6n	ki]¬c.qHe¯qH`]qHes¡.i u opn.	¬Al u hjl6n	o¢esl u o}n.jqr	.{}o|k,qregopl6n	d ¥
4!$# %'&56876:9"87¤·;/ u i, u iDdgi,nAe¯des¡.i[q6z.o}{po}eRblrqdQbcdQegiDh egl{pieviDhji u 6iqdQiDk,o¢©kdRe u m	kegm u i6¬r u l]h dsk u qHesk¯¡¬ro¢es¡.l6m.e
u i Am.o u opn.i­Wesi u n	qr{o}nc l u hqregopl6n ¥ aWi,{}dRe u m	kegm u opn.o|dq6no}hjl u esqrnAe.o}hji,ndQopl6nl6/q$dgbWdQegiDh q6mcegl]n.l6h*b¹åiDdgi<ko|qr{p{}b
opnesi u hdlr^dgkDqr{|qrz.op{po¢eRbo|dsdQm.i<d<)}<, ¿ ¥v³ n@dgi,n	dgl u n	ieRl us d l u i­.qrhj.{pi6¬.dgi,{}dRe u m	kegm u opn. u iD u i<dQiDnAesdqrn%oph'l u esq6nAe
u i Am.o u iDh'iDnAe1 l u k,l6hjhjl6nUl]i u qregopl6n	ddgm	k¯¡q]d1 l u ´q u copn.	¬A{pl]q6z	qr{|qrn	k,o}n		¬W{}i<q6ci u iD{}i<k¤eso}l]n/¬cl u i,n.i u ]bkl]n	dQm	h'.
egopl6nhqrn	q66i,hjiDn]e ¥>= ­cq6hj.{}i<d1opn	k,{}m	.iyes¡.i	q u ego}egopl6n.opn.*lrqrn%q u iDqopndgi,£]i u qr{§,l6n	iDdlr/i Am	q6{dQop§,i[ l u h'l]n.o}egl u opn.
.m u l]dgiDd´l u es¡.idQiD{}i<k¤eso}l]nl6dgi,n	dgl u deglji,ndQm u idQiDk,o¢©k m.n	k¤eso}l]n	d´ l u i,n.i u ]bdgqO£Wopn. ¥
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 Ì ¾ zW£Aopl6mdQ{pb6¬es¡.i%k,l6hj.{pi­co}eRbÂl6yqÂdQiD{¢dRe u mk¤egm u opn.?hjiDk¯¡qrn.o|dQhºdQe u l6n	6{pbÂciDiDn	.djl]nªeg¡.i@q6h'l]m.nAe
lr  n.lH{piDc]ijo}n.o}ego|qr{p{pb® u lH£Wop.iD®egl?n	lW.iDdopneg¡	in.ieRl usK¥ xe*l6n.iiDn	lr´es¡.iUdgi<k¤e u m.h~¬o¢!q6nAbÂn.lcciopneg¡	i
dgbWdQegiDh ¡	q]d[qk,l6hj.{piegi  n.lH{piD.6ilreg¡	i$dQbcdQegiDh%¬dRe u mk¤egm u opn.jeg¡	in.ieRl us o|de u op£Wopq6{ ¥ xe!eg¡.i$lreg¡	i u iDn	~lreg¡	i
dgi<k¤e u m.h~¬.o}n	lW.iDdq u i¨l6n.{pbUqO´q u iyl6es¡.i,o u lHn%n.i,op6¡Wzl u ¡.lWlW/¬AiDn	dgm u opn.'eg¡qHe[q'6op£6iDn%dQe u m	k¤esm u iiDhji u 6iDd u l6h
opn	cop£Ao|cm	q6{/ciDk,opdgopl6n	do|dk¯¡	qr{p{}iDn.6opn. ¥ Îie´eg¡	i!BA15!$76CD#EFG#H!'I$/!$zieg¡	io}nc l u hqregopl6nU u lH£Wo|ciDeglq'n.lcci¨zAbq6n
i­Wesi u n	qr{i,nAego}eRbjl u ci,£Wo|ki ¥^¦ ¡.o|dopd1egl*l6.l]dgi!eslU·;J7¤·;:¯·9*EFG#H!'I$/!es¡	qHekl]n	dQo|dQesdvl6/eg¡	iyopnc l u hqHeso}l]njeg¡	qrei<q6k¯¡
i,nAeso¢eRb%]qreg¡.i u do}esdgi,{}^ u l6h o¢e¯d!l6zdQi u £HqHeso}l]n~lreg¡.i*n.ieRl usK¥¦ ¡	ihjl u ii­Wegi u nqr{  n.lH{piDc]iopd u iAm.o u iD/¬.eg¡	i${piDdsd
u l6z.m	dQe$q?dgbcdResi,h-o|dU¹åiDdgi<ko|qr{p{}bÂ¡.iDn°ci,.{plHb6i<±opn°iDnA£Wo u l]n.hji,nAesd¨¡	i u i¡Am	hjq6nªo}nAesi u £6i,nAeso}l]nÂo|d$.o¢Ækm	{¢e¤¿ ¥±¾ n
eg¡	il6eg¡.i u ¡	qrn	/¬.qr. u l]q]k¯¡.iDd u i,{pbAopn.'hjl]dQeg{pbl6nUopnAe u o}ndQo|k  n	lH{}i<c6ici©	n	o¢eso}£]i,{pbo}nk u iDq6dgiDddgbWdQegiDh qrm.egl6n	l6h$bqre
eg¡	i u o|ki¨lrq'¡.o}]¡.i u k,l6hjh$m.n	opkDqHegopl6nlH£6i u ¡.i<q6 ¥¦ ¡.o|d´hqObkl6ndQi]m	i,nAeg{pb u i<cm	k,iyes¡.idQbcdQegiDhÅ{}o} ieso}hji ¥v³ n%dg¡.l u e<¬
eg¡	iqrmcesl6n.l]h$bUciD u i,i¨lr^qjn.i,eRl ug iDUdgbcdResi,h opdopnW£6i u dgi,{pb u l6l u egopl6n	q6{esljeg¡.ii,­Wegi u n	q6{  n.lH{}i<c6i u i Am.o u i<esl
dQe u m	k¤esm u i¨es¡.in.i,eRl ugK¥³ e[opd!¡.lHiD£6i u k u m	ko|qr{KeslUkl]h'im	@o¢es¡?q u i<q6dgl6n	q6z.{}ie u q]ci`lDK?zieRi,iDn?qrmcesl6n.l]h$bUq6n	
lH£6i u ¡	iDq6 ¥
¦ ¡.o|d¨	qri u  u i<dQiDn]e¯d¨q u l6z	m	dRedQe u m	k¤esm u o}n.~hjiDk¯¡qrn.o|dQh~¬/{piDq]copn.Uesl@6iDl6hjie u o|k*q6n	± m.n	k¤eso}l]n	qr{^l u Aqrn.op§Dqregopl6n
eg¡qHekDqrnzi.i,.{plHb6i<$ u l6h dsk u qHe¯k¯¡'opnUq$n.ieRl us i<'dgbcdResi,h ¡.i u i!es¡.i[opn.o}ego|qr{  n.lH{}i<c6il6/iDq]k¯¡n.lcci[o|dv{po}hjo}egi<
egl±o¢e¯dlHnªo|ci,nAego}eRbqrn	ªk,l6hjh$m.n	opkDqHegopl6n u qrn.]i ¥%« ie<¬eg¡.i%q6dsdQlcko|qHesiD®lH£6i u ¡.i<q6®opd  iDce$hjo}n	o}h*m.h~¬^ u i<dQi u £Wopn.
eg¡	i{}o} ieso}hjilr´eg¡.idQbcdQegi,h ¥%³ neg¡.ikl6nAesi­We$lreg¡	opd$l ug ¬i lckmdl6nªdgi,n	dgl u n	ieRl us d ¥¦ l@es¡.iziDdQe$lrl6m u
 n.lH{piDc]i6¬Aeg¡.o|do|deg¡.i¨© u dQeL/1!'DM!$J7¤·9N6J76:9$87¤·;/OD5DC<6P65!$ ciD.{}lHb]iDm.l6n%eg¡.lAdQik,l6n	co}egopl6nd´o}n%eg¡	i
{po¢esi u qHegm u i ¥
aWiD{¢dRe u mk¤egm u opn.±o|dq®lHi u  m.{eglWl6{ l u o u iD{}i<dgd'n.i,eRl ug d*qrn	Áq±mdQi, m.{´l6i u qHegopl6n² l u 6i,eQegopn.¡.op6¡.{pb°qrm.
egl]n.l6hjl]m	d[dgbcdResi,hd ¥!¦ ¡	opdyopdcm.ieg¡.i$åq6k¤eyeg¡	qreyo}eco|k¤e¯qHesiDdyl u ]qrn	o}§<qHegopl6n%{|qO!d l u n.lcciDd[o}n?eg¡.i*n.ieRl usK¥!¼ lcciDd
k,q6neg¡.iDn°ziUq6dsdQop6n	iDcoHKi u iDn]e'q6.q6cegop£6izi,¡qO£Aopl u d¨z	q]dQi<l6neg¡	iiDdQesq6z.{}o|dg¡.iDl u Aqrn.op§Dqregopl6n ¥%³ nª	q u ego|km	{pq u ¬q
n.i,eRl ug l u ]q6n.op§DqHeso}l]njhjqObj l]{}{plHQ/!BB/R7-BS:TW·9l u %'9"Y·#A u o}n	k,o}	{}i<d ¥1½ {|q6dsdQo|k,q6{	i­.q6h'	{}i<dl6q]i,l] u qr.¡.o|k!q6n	
 m.n	kegopl6n	q6{dgi,{}`dQe u m	k¤esm u o}n.jq u i6¬ u iDdgi<k¤eso}£]i,{pbµ^qjdgiDk¤esl u `dg¡	q6i<§,l]n.ik{pm	dQegi u opn.' l u {piDq6.i u i,{piDkegopl6n/¬.l u qrn~qOq  i
qrndg{}iDi,~n.lcci<d$U.k,{}m	dQegi u `z	q]dQi<Uco|dRe u opz.mceso}l]n% l u i,n	i u 6bkl]n	dgm.hjcegopl6n~hqrn	q66iDh'iDnAe¨¹=dQiDiaciDk¤eso}l]n  ¥  ¿ ¥
¦ ¡.o|d!ziDk,l6hjiDd!q£6i u bk¯¡qr{p{}iDn.6opn.j6lAqr{Y¬q6d[dQlWl6n@q]d!n.iDo¢es¡.i u lAdQo}egopl6n.opn. u i i u iDn]esopq6{=¬zl]m.n	.q u b%ci,{poph'o}esqregopl6n/¬
n.l u ciDn	dgo¢eRb?co|dQe u o}z.m.egopl6n±o|d u lH£Ao|ci< ¥« ieD¬o¢eo|dyk u m	k,opq6{o}nÂdQm	k¯¡Âkl]n]esi­WesdD¬eg¡	qrei<q6k¯¡®n.lcci*zijqrz.{pi$eslopnc i u o}esd
l]dgo¢eso}l]n@o¢es¡ u i<dQiDkeegles¡.i$l6eg¡.i u n.lcci<d ¥y¾ n.i*dQl]{}mceso}l]n% l u es¡.o|d!o|deglqr{p{}lHLeg¡.i*n.lcciDd!eglUq]k,k,iDdsd!qklWl u copn	qHesi
dgbWdQegiDh  u l6h ¡.o|k¯¡Ues¡.i,bk,qrnl6zce¯qropn%q'klWl u copn	qregiyq]dgdgop6n.hji,nAe ¥ acm	k¯¡%q'klWl u copn	qregi¨dQbcdQegi,h u i, u i<dQiDn]e¯deg¡.i¨z	q]dQo|k
{|qOb6i u l6negl]l6¡.o|k¯¡~q6.q6cegop£6iziD¡	qO£Wo}l u d´kDqrnUzici<dQop6n.i< ¥^¦ ¡.i,bkl6ndQi]m	i,nAeg{pb{}opiqHe´eg¡	i¨k,l u iyl6q6mcegl]n.l6hjl6md
dgbWdQegiDhdciDdgo}]n ¥^¦ ¡.o|d!kl]n	dReso¢esmcegi<deg¡.idgiDk,l6n	%kl]nAe u o}z.m.egopl6n% u i<dQiDnAegiDopnes¡.i	q6i uD¥
¦ ¡.i u i!o|d1q£Oq]dRe{}o}egi u qregm u i!opneg¡	i[o u iD{}i<dgd^n	ieRl us d u i<dQi<q u k¯¡jk,l6hjh$m	n.o¢eRbjkl]nAesqropn.opn.nWm.hji u l6mdvqrn	£Oq6{}mqrz.{pi
 u l6l]dsqr{|d^ l u l]zcesq6o}n	o}n.'l]dgo¢eso}l]n.o}n	*opnc l u hqHeso}l]n)}"V  ¬Wc¬`.¬`.¬sDVW<.¬rD, ¥« ieD¬chjlAdRe´lr/es¡.iDdgiqr. u lAq6k¯¡.i<d u i,{pb'l]n
dgl6hjidQiDk,o¢©kq6dsdQm	h'.egopl6n	dq6n	%eg¡.o|d[dg¡.lH!ddQe u o  opn.i,£Wo|ci,nki¨eg¡qHe[iD£6i,n~hjl u iqrm.egl6n	l6h$bopd u i]m	o u iD ¥¦ ¡.o|d!¡	q]d
zi,i,nÂkl]i<@zWb~dgl6{pmceso}l]n	des¡	qHe¨m	dgiXCNS:¤·;Y·:&YDFZ7-!O7-!J%"!"7-!$:Y·#CS:H·;!q6n	~eg¡qHe u i<dQm.{}eyopn\[<·;76J:D#]9B	7BIH·;CD5!"
zi,opn.q]dgdgo}]n.iDesln.lcciDdD¬o}n	dQegi<q6~l6]i,l] u qr.¡.o|kklWl u copn	qregiDd<) .¬¤<.¬Q6, ¥ »yo u egmqr{k,lWl u co}nqHegi<dzieQesi uu i$^	iDke!eg¡	i
u iDqr{1n.ieRl us kl]n.n.i<k¤egop£Wo¢eRb]¬q6n	k,qrnªk,l6n	dgi Am.iDn]es{}b® u lH£Ao|cijhjl u i u l]z.m	dQegn.i<dgd¨opneg¡	i u iDdgi,n	k,i'l6l6z	dQesq]k{piDd ¥³ n
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q6	co¢eso}l]n/¬vdgo}n	k,i£Wo u egmqr{´klWl u copn	qHesiDdq u i u i,{|qHeso}£]iegl±n.lcciDd?U	¡AbcdgopkDqr{p{}bk{pl]dgin.iDo}]¡Wzl u ¡.lWlc¬eg¡	i,bªk,q6negl6{pi u qHesi
hjl u i¨i,nW£Wo u l6n.hjiDn]ecbWn	q6h'o|dghÅeg¡qrn~qrz	dgl6{pmcegi¨]i,l6 u q6.¡.o|k[k,lAl u .o}n	qregi<d ¥
yiDdg.o¢esi@¡	qO£Wo}n	°k{piDq u {pb²ci©n.iD l]mceg{po}n	iDdq6n	Á u i<dQiDnAegopn.ª6lWlc qr. u lO­co}hqregopl6nCdgl6{pmceso}l]n	d,¬´ u i,£Wopl6m	djl us d
l6n £Ao u egm	q6{yklWl u copn	qregiDdUq u i±kl]h'	mcesqregopl6n	q6{}{pbA%¹åq6n	 hjiDdsdsqr6iO¿klAdRes{}b]¬l u ¡	q u c{pbÁ u q]k¤ego|k,q6{!opn o u iD{}i<dgddQiDn	dQl u
n.i,eRl ug dG) .¬DD, ¥³ nq6..o¢eso}l]n/¬res¡.i[dgl6{pmcegopl6n	dv u i<dQiDnAegiD*opn ) 	¬<c¬å6,`¬6qr{}eg¡	l6m.]¡*n.l6eq6kDkl]m.nAegopn. l u l]dgo¢eso}l]ncqOq u i
{|qrn	chq ug dD¬ u i Am.o u iDd[eg¡.i'n.l6hjopn	qHeso}l]n±l61iD{}{.{|q6k,iD±i,nAego}egopiDd¨opn?es¡.idQbcdQegi,hdyegl%l us q]dq6n	k¯¡.l u d[l u zlWl6esdQe u qr
ziDq6k,l6n%n.lcciDd ¥
³ n	dQegi<q6¬Deg¡.o|d	qri u  u l]lAdQi<d/q£]i u dgqregop{}i^£Wo u esm	qr{AklWl u copn	qHesivdQbcdQegi,hL l u dQiDn	dgl u n.i,eRl ug d ¥/¦ ¡.i1hq6o}ncoHK i u i,n	k,i
o}eg¡ u i,{|qHegi<$l us dopd^eg¡	qre^eg¡.i! u l]lAdQi<*q6. u l]q6k¯¡'clWiDd^n	lre u i,{pbl6nqrnWb'qrn	k¯¡.l u dD¬Hl]dgo¢eso}l]nc`qO´q u i1{|qrnchq us dD¬rl u
dgo}]n	qr{/hji<q6dgm u iDhji,nAe ¥« ie<¬n.lcci<d6i,eyq6dsdgo}]n.iD%£Wo u egmqr{k,lAl u .o}n	qregi<do}n?q' m	{}{pb@ciDk,i,nAe u qr{po}§DiD%´qOb ¥¼ lcciDdyci u o}£]i
{plWkDqr{/k,l6n.n.i<k¤eso}£Wo}eRbo}n. l u hjqregopl6n/¬.dgl6{pi,{pb{pi,£]i u qr6opn.$eg¡.iDo u i u Yn	i,op6¡Wzl u kl6hjh*m.n.o|k,qHeso}l]n ¥
 Ì  È  Ì 	 È  1È  ³ n@dgm.hjhq u b6¬Weg¡	ikl6nAe u opz.mceso}l]n	d´lreg¡.i	q6i u q u ieg¡.i¨ l]{}{plHo}n	*l]n.iDd ¥
• xdgo}hj.{pi6¬{}op6¡AeRi,op6¡Ae[qrn~ m.{p{}b@ci<ki,nAe u q6{}op§,i<¬6768:# !"8FZ7-E1!'I D7-IH·;! 4P6!" ¹ » ³R¼¨½¾ a.¿es¡	qHeq6k¯¡.opi,£]iDdqj6lWlck,lAl u .o}n	qregi¨q6dsdQop6n	h'iDnAe ¥
aWo}nki$ie¯q u 6i,e! m.{p{}b?q6mcegl]n.l6hjl6md!dQbcdQegiDhjdD¬K» ³R¼¨½¾ a@clWiDdyn.lre u iD{}b%l6n®qrnWb~o}nc l u hqregopl6n?qrzl6m.eciDn	dQo}eRb6¬
copdQe u opz.mcegopl6nÁqrn	CdQop§,i%lryeg¡.i~n.i,eRl ug iDªdgbcdResi,h ¥C¦ ¡.i lckm	djo|d'l6nCi,nW£Wo u l6n.hjiDn]e¯d$o}eg¡ q®{pq u ]iUnWm.h$zi u
lr´n.lcciDd¨es¡	qHe*¡	qO£6iq [!"76P #ê·;*·;!'I 9'D >/R7-D=·D EDCFG#H!'I?/1!¹ n.lcci<dl]n.{}b  n.lHes¡	qHees¡.i,bÂ¡	qO£]ij.opdQegopn	k¤e
opciDnAego}©	i u d,¬.dgi,iaWi<k¤eso}l]n~]¿ ¥
• x !"8FZ7-E1!'I !'!$J7¤·9N4876:9"87¤·;/q6. u l]q6k¯¡Â¹ ¼ ie¯ÃiDlAa.¿ l u qrmcesl6n.l]hjl6m	d´dgbWdQegiDhd ¥
¼ ie¤Ãi,lWa®kDqrnªziUciD.{}lHb]iD®m.l6n°qrnWb®l]{pq u klWl u copn	qHesidQbcdQegi,h~¬o¢es¡.l6m.e u i Am.o u opn.@q~n.lcciesl@¡	qO£6iq6nAb
 n	lH{}i<c6i*l6n®eg¡.in.i,eRl ugK¥ i u i]¬/idg¡.lH ¡.lH ¼ i,e¯Ãi,lWa?z	m.o}{|.dm	l]n®» ³R¼½¾ a ¥¾ m u q6. u l]q]k¯¡®ci<qr{|d
o¢es¡Ues¡.opdk¯¡qr{p{}iDn.6izWb u lH£Ao|copn.$iD{}iD]q6n]e´hjiDk¯¡	q6n.o|dQhd l u n.i,eRl ug iD]i,l]h'i,e u opkyl u ]q6n.op§DqHeso}l]n	d ¥ i¨dg¡.lH
¡.lHCcoHK i u i,nAev6iDl6hjie u o|k´dRe u m	kegm u opn.k,qrnjzi!iDq]dQop{pbl6zce¯qropn.iD* u l6h es¡.i!£Wo u esm	qr{.k,lAl u .o}n	qregi<d^q6dsdQlcko|qHesiD*o¢es¡
n.lcciDd´zWb» ³R¼½¾ a ¥ 2 l u iDlH£6i u ¬Aidg¡.lH es¡	qHe<¬	ciDdg.o}egieg¡	i u i<dQiDn	ki¨l6l6zdRe¯q6k{piDdD¬Aeg¡.i u l]lAdQi<Uqr	 u lAq6k¯¡
qr{p{}lH!dq'{pq u ]iydgie!lrn.lcciDdesljk,l6{p{pq6zl u qregop£6iD{}bj{piei,hji u 6i6iDl6hjie u o|kyl u ]qrn	o}§<qHegopl6nd,¬Ao}n~qjdgkDqr{|qrz.{pi6¬cdgo}hj.{pi6¬
qrn	X^	i­copz.{piqOb ¥
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 È[¦ ¡.i u iDhjq6o}nci u l6Weg¡.o|dqri u o|d/l u Aqrn.op§,i<q]dK l6{p{plH!d ¥ x!egi u opnAe u lW.m	kopn.l6m u dgbWdQegiDhLhjlcciD{6opn$aWiDkegopl6n$c¬
i u i<dQiDnAeeg¡.iU.iDdgo}]n u qHeso}l]n	qr{pijlr´l6m u qr. u l]q]k¯¡®q6n	6op£6iqrnlH£]i u £Aopi, lr u iD{pqregi<®l us d¨o}n°aWi<k¤eso}l]n  ¥¦ ¡	i
£Wo u egmqr{[k,lAl u .o}n	qregi@dgbWdQegiDh ¹å» ³R¼½¾ a	¿jopdciDdsk u opzi<Copn aWiDkegopl6n + ¥ ³ n aWiDkegopl6nQW.¬i?dg¡.lH ¡.lH eg¡	opdU£Ao u egm	q6{
klWl u copn	qregi$dgbcdResi,h k,q6n?zi*m	dgiD@egl%l6zce¯qropn±dQiDk,o¢©k$]i,l6hji,e u opkdQe u m	kegm u o}n	 ¥t i u  l u hq6n	ki u iDdgm.{}esdq u i$ u iDdgi,nAesiD
opn@aciDk¤eso}l]n% ¥"! o}n	q6{}{pb6¬	aciDk¤eso}l]n±$k,l6n	k,{}mciDdes¡.opd!	qri u q6n	.opdskm	dsdgiDd mcesm u il us d ¥
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x[dqr{ u iDq6.b$opn	co|k,qHesiD¬Ai! lckm	d1o}neg¡.o|d1qri u l]no u iD{}i<dgdvdgi,ndQl u n.ieRl us dvqrnhjl u i[dQiDk,o¢©k,qr{p{pb*l]nh'l]n.o}egl u opn.
dgi,n	dgl u Yzq6dgiD%qr..{po|k,qHeso}l]n	d ¥$ ie¯q u 6i,eyqr.	{}o|k,qregopl6n?dski,nq u o}lAd´¡.i u ieg¡	i$hjl6n.o}egl u i< u iD6opl6n~opdylrvco}Ækm.{}eq]k,k,iDdsd
qrn&%Ol u ¡Wm.hq6nopnAegi u £6iDnAegopl6n%opd´n.l6e iDq]dQopz.{pi ¥^¦ ¡.o|dopdkDqrcesm u iDzAbUeg¡.i l]{}{plHo}n	jq]dgdgm.hjceso}l]n	d ¥
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¦ ¡.i u iDdgi,nAesiD%¡.i u iDqregi u qr. u l]q]k¯¡.iDd u i,{po}i<d!dgl6{pi,{pbl6n~n.lcci$k,l6n.n	iDk¤eso}£Wo}eRb ¥^« i,eD¬qj.¡WbWdgo|k,qr{l6z	dQesq]k{pij¹B!?.0/.p¬Kqj¡.o}]¡
hjl6m.nAe¯qropndQiD	q u qHeso}n.¨eRl£Hqr{p{pi,bcd^es¡	qHeh'i u ]i[qHe´dQl]hji!l]o}nAe¤¿vk,q6n u i,£6iDnAekl]n.n.iDkegop£Wo¢eRb'zi,eRiDi,nn	lW.iDd^es¡	qHe´q u i
lres¡.i u o|dQij6iDl6 u q6.¡.o|k,qr{p{pb?k{pl]dgi ¥O= ­.q6h'	{}i<dlr6iDl6 u q6.¡.o|k,qr{q u iDq]dklH£]i u iD?zWb®eg¡.in	lW.iDdD¬esl66i,eg¡.i u o¢es¡eg¡.iDo u
zl u ci u d,¬q u i$ci<dgk u opzi<~o}n ! op6m u i ¥[¦ ¡.in	lW.iDdq u i{}lck,qregi<@o}ndQo|cies¡.i*dQe u o}	i<@§,l]n.iDd ¥!¦ ¡.i©6m u il6n~es¡.i${pie
dgopcici,.o|k¤e¯d*q6n°q u iDq~¡.i u ieg¡.in.lcciDd*q u i *Rm	n.o¢ l u hj{pb@,co|dsdQiDh'opn	qregiD/¬o}eg¡	l6mce'l6z	dQesq]k{piDd ¥~¦ ¡	i©	]m u iUl6neg¡	i
u o}]¡]e´dQo|cici,.o|k¤e¯d´qrnUq u i<qo}eg¡q *Qk,i,nAegi u i< ,!l6z	dQesq]k{pi*¹åo}nUeg¡	qre´kDq6dgi!eg¡	iyzl u ci u  u l]h ¡.opk¯¡Ueg¡.i¨klWl u copn	qregiDdq u i
kl]hj.mcegi<%opdes¡.il6mcesi u zl u ci u ¿ ¥
	 -+ +% 
x!{}eg¡	l6m.]¡Czi,opn.ªz	q]dQi<²l]nCi,­Ae u iDhji,{pb°dQophj.{}i@ u opn	kop.{piDdD¬ves¡.i?qr. u lAq6k¯¡.i<d$ u iDdgi,nAesiD°opnÁeg¡.i@qri u oph'	{}iDh'iDnAe
hjiDk¯¡	q6n.o|dQhdes¡	qHei,hjlHi u n.lcci<d[o}eg¡?mdQi, m.{o}nc l u hqregopl6n?qrzl6m.e[eg¡	i$n.i,eRl ug ¬dgm	k¯¡±q]d!zl u ci u ciesiDkegopl6n±q6n	
k,q u .o}n	q6{}o}eRb6¬ci,ndQo}eRb²k,q u esl6 u q6.¡.o|khqr ¹ l u ci,n	dgo}eRb]`z	q]dQi<²o|dQl]{}opn.i<ds¿¬co|dRe¯qrn	k,i~eglªciDn	dQi u i,]o}l]n	d,¬ie¯k ¥ ¦ ¡.o|djopd
q6k¯¡	o}iD£6iDm	dgopn.!l6n	{}byeg¡.in	qHesm u qr{]q6n	¨{plWkDqr{Ak,qrqrz.op{}o}egopiDd/lr.o u iD{}i<dgd/k,l6hjh$m	n.opkDqHeso}l]n¹R·.;!	.p¬rm.n	ci u {pbWo}n	!kl6n	n.iDkegop£Ao}eRb6¬
hjiDdsdgq66i<dlH£6i u ¡.i<q u o}n		¬q6n	 n.iDo}]¡Azl u ¡.lWlcÁ£Oq u o|qHeso}l]n	d¯¿ ¥ ¦ ¡	qHe%o}n. l u hjqregopl6n k,q6n eg¡.iDn zi±m	dgiDÁesl²oph'	{}iDh'iDnAe
£Hq u o}l]m	dn.i,eRl ug  m.n	k¤eso}l]n	qr{po}egopiDd ¥´¦ ¡	opd!dgiDkegopl6n?co|dskm	dsdQi<d´eg¡	i m.n	.q6hji,nAesq6{ u o}nkop.{}i<d´eg¡qHe[m.nci u {}opii<q6k¯¡~lr^l6m u
kl]nAe u o}z.m.egopl6n	d ¥
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t l]dgo¢eso}l]n$qO´q u i,n.i<dgdo|dq  i,b m.n	kegopl6n	q6{}o}eRb¨eglyz.m.op{p*qrn	$hjq6o}nAe¯qropn$qrmcesl6n.l]hjl6m	dn.ieRl us i<dQbcdQegi,hd ¥ xÁklWl u copn	qHesi
dgbWdQegiDh  u lH£Ao|ci<diDq]k¯¡²n.lcci%o}eg¡Cq *QlAdQo}egopl6n),es¡	qHejo|d*zlres¡Copn	cop£Wop.m	qr{qrn°6{pl6zqr{p{}bªkl]n	dgopdQegiDn]e ¥ x[dqr{ u iDq6.b
l6zdQi u £]iD¬q®n	lW.i%n	ieRl us qOq u iDn.iDdsd*hjqObCkl6hji% u l6h eRlªdQl]m u k,iDdDµ%q6nÄ·;:87¤·; ¤·9EDCDF # !BI?/1! u i<dQm	{¢eso}n.Â u l6h
eg¡	i'q6{}]l u o¢es¡.h i­ciDk,mcegopl6n²¹B!?.0/.p¬/n.iDo}]¡Wzl u ddQi,eD¬¡.l]±co|dRe¯qrn	k,i$eslq%dQiDk,o¢©k$n.lcci]¬Kiesk ¥ ¿¬/qrn	 !-A1!"76# EFG#H!'I$/!
dgm...{po}i<UzWbi,­Wegi u n	q6{K.i,£Wopk,iDd¨¹-!	.0/.CBdsqHesi,{p{}o}egi¨l uu q6.o}ljdQop6nqr{ci,£Wo|kiO¿¤¬cl u ci<dQop6n¡WbAlres¡.iDdgo|d¹=dQmk¯¡%q]d"*Qq6{}{dgi,n	dgl u d
¡	qO£]iqjm.n	o Am.ij·I ,¤¬ *Reg¡	in	ieRl us opdopn.o}ego|qr{p{}bkl6n	n.iDkegiD),¯¬ci,esk ¥ ¿ ¥
¦ ¡.i®.¡WbWdgo|k,qr{co|dRe¯qrn	k,i±zieRi,i,n n.lcciDd%dQ¡q u o}n.es¡.idgq6h'i *Rl]dgo¢eso}l]n),?opd%q u i,{pi,£Hq6n]eh'i,e u opk?eglCiDdQegophjqregiÂq
klWl u copn	qregidQbcdQegiDh U d Am	q6{}o}eRbX)p$+¬årD, ¥ aWl6hjin.i,eRl ug  m	n	k¤eso}l]n	qr{po¢eso}i<d u i Am.o u i´i,­Ae u iDhji,{pb*dg¡	q u klWl u copn	qHesi´dgbcdResi,h
¹-!	.0/.p¬ u i,iD.b u l6mceso}n	A¿¤¬¡.op{}i*lres¡.i u d[q6{}{plH!d´ l u qiDq  i u  l u h¹B!?.0/.CB	qHesqUqr6 u iD]qregopl6n¿ ¥´¦ ¡	i$	q6i uyu i i u eglq
klWl u copn	qregi¨dQbcdQegi,h Am	qr{po¢eRbq6do¢e¯d<-T D78SCC!"' ¥
³ n » ³R¼½¾ aK¬iDq]k¯¡ n.lcci±o|dopn.o}ego|qr{p{}b kl]nc©	]m u i< o¢es¡ eg¡	i®	q u q6hjiegi u
d
opn	co|k,qregopn.°es¡.i®.o}hji,ndQopl6n l6eg¡.i
klWl u copn	qregidQbcdQegiDh ¹ nWm.h*zi u lrklWl u copn	qregiDd¯¿ ¥¦ ¡.i£Wo u egm	q6{1klWl u copn	qregiDdl6´q~n.lcci
i
q u ikl]n	dQiAm.i,nAeg{pb±q%esm..{pi
(x1, . . . , xd)
¬.¡.i u i
xj
o|deg¡.i u lrwRi<k¤eso}l]nUlr
i
l]nes¡.i
j
eg¡@qH­co|dlreg¡.i
d
`cophji,n	dgopl6n	q6{£Ao u egm	q6{/dQ	q]ki ¥
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(2, 4, 2)
(1, 1, 5)
(5, 0, 4)
Segment for
coordinate 1 Segment for
coordinate 2
Segment for
coordinate 3
  ç
(4)
(3)
(2)(1)
Ideal case
VINCOS
Low level
of sharpness
external knowledge
High level of
High Cost
(1) Satellite−based methods
(3) Rao et al. method, in [10]
(2) Measurement−based methods
(4) Benbadis et al. method, in [20]
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! o}]m u i.µ¹=q]¿x!nji,­cq6hj.{}i´l6£Wo u egmqr{.klWl u copn	qregiDd ¥ ¹åz¿» ³R¼¨½¾ a* ¥ u<¥ e ¥ k,l]dQeD¬ri,Ækopi,n	k,b6¬6q6n	'i­Wegi u n	q6{  n	lH{}i<c6i ¥
¦ ¡.ij£Wo u egmqr{
d
`.o}hji,ndQopl6n	q6{vdQq6kijo|dci,©	n.iDq]d l6{p{}lH!d ¥¦ ¡.izl u .i u lreg¡	i6i,l] u qr.¡	opkDqr{q u iDq%klH£6i u i<?zWb
eg¡	in.lcciDd!opd[	q u ego}egopl6n.i<%o}nAegl
d
*Qdgi,]hji,nAesdG, ¥¦ ¡.opd!zl u ci u dgi,6hji,nAe¯d!k,q6n%¡qO£6ieg¡.i*dgq6h'idgop§,il u co K i u i,nAe[dgo}§DiDd ¥
Î/i,em	d´kl6ndQo|ci u q6nAbqr­copd
j
¬
1 ≤ j ≤ d ¬.l6/eg¡	i¨k,lWl u co}nqHegi¨dgbWdQegiDh ¥¦ ¡	i¨k,lWl u co}nqHegi xj
o|deg¡.i¨{pi,n.6eg¡/¬copn¡	l6	dD¬Wlr
qdg¡.l u egi<dRe	qreg¡~ u l6h es¡.in.lcci
i
egljeg¡	izl u .i u dgi,6hjiDn]e
j
¹R·.;!	.p¬	esljeg¡.i*k{pl]dgiDdQe´n	lW.il6n%eg¡qHe!zl u ci u dgi,]h'iDnAe¯¿ ¥
¦ ¡.o|d^o|do}{p{}mdRe u qregiD'l]n ! op6m u i[.¹=q]¿eg¡ u l6m	6¡jqdgoph'	{}ii,­cq6hj.{}i ¥¦ ¡	i!klWl u copn	qHesidgbcdResi,ho|d
3
`cophji,n	dgopl6n	qr{¹
d = 3
¿ ¥
¦ ¡.iy£Ao u egm	q6{klWl u copn	qregiDdvlreg¡ u iDi[n.lcci<d1q u i!opn	co|k,qregiD ¥¦ ¡	iyklWl u copn	qregiDd
(2, 4, 2)
hjiDqrnd^eg¡qHe1es¡.iyk,l usu i<dQl6nco}n	
n.lccio|d[qreyco|dRe¯qrn	k,i
2
l6zlres¡~eg¡.i*zl u .i u d
1
qrn	
3
¬qrn@qHeyco|dQesqrnki
4
l6es¡.izl u ci u
2
¥ x[d[h'iDnAegopl6n.i<~zi, l u i6¬
dgm	k¯¡°q?klWl u copn	qregiUdgbcdResi,hopd*n.lre u iD{pqregiDÂesl®q6nAbqrnk¯¡.l u d¨l u lAdQo}egopl6ncqO´q u i'{|qrnchq us d ¥@³ n	dQegi<q6o}e'k,q6cegm u i<d
opnA£Hq u o|qrn	k,iy u l]i u eso}i<dq6dsdQlcko|qHesiDUo¢es¡~k,l6n.n	iDk¤eso}£Wo}eRbl6n	{}b ¥
¦ ¡.iUdg¡	q u .n	iDdsdlr» ³R¼¨½¾ a®eg¡Wm	dD¬^ci,i,n		d$l]n°qrn°q6kDkm u qHesici©n.o¢eso}l]n°lr´es¡.i '7-I1!"7X$!8/R!"¤¬·.;!?.p¬^es¡.i
d*gdQiD6hji,nAesdG,´.o}£Wo|co}n	¨eg¡.i!zl u ci u lreg¡.iykl6ndQo|ci u iD*6iDl6 u q6.¡.o|k,qr{cq u i<q ¥¦ lci,©	n.ies¡.i!zl u ci u dgi,]h'iDnAesdD¬6» ³R¼¨½¾ a
u i,{po}i<dl6n q '!$# yk,l6n	dQe u m	k¤eso}l]n h'i<k¯¡	qrn	opdgh ¥9¦ ¡.i u i<dQm.{}egopn.ªzi,{}eD¬!ci,©	n.i< q6dqªdgielr  '7-I1!"76& '!$#  ?I1!6]¬opdUq
l6n	ico}hjiDn	dQopl6n	n.n	qr{/k,l6n.n	iDk¤esiD%dRe u mk¤egm u i¨es¡	qHe$¹Q·¢¿´i,n	q6z.{piDdkl]hjh$m.n.o|k,qregopl6n~qrhjl6n	*zl u ci u `ziD{¢e!n.lcci<dqr{pl6n.'eRl
coHKi u iDnAeqHeg¡d,À	¹Q··¢¿qr{p{}lH!dq6n$l u ci u q]dgdgo}]n.hji,nAeeglyeg¡.i<dQi´n.lcci<d,À	¹Q···¢¿o|dl]n.i`¡.l]$o|ci6ÀAqrn	¹R·;[¤¿¡	q6d u l6l u egopl6n	q6{
dgo}§Di@ u ees¡.i?n.i,eRl ug dgop§,i	 ¥L¦ ¡.o|diDn	dQm u i<djeg¡	qreD¬´6op£6iDnÁeg¡.i@z u l]q].k,q]dRek,l6hjh$m.n	opkDqHegopl6n 	qreQesi u n/¬q6{}{yhjiDdsdgq66i
 l u ´q u ciDqr{pl6n.*eg¡.izi,{}e$¹åk,l6hj.{piesi u l]m.n		¿ u iDq6k¯¡	iDdi,£]i u bzl u .i u Yzi,{}en	lW.i ¥
¼ iD£6i u es¡.i,{piDdsd,¬Hco|dsklH£6i u opn.[qkl]n.n.i<k¤egi<$zl u ci u qre^qy{plH²klAdRe^qrn	$o}njqrn'q6kDkm u qHesi1´qObopdco}Ækm.{}e ¥  ici<dgk u opzi
qHe´es¡.i$aWiDkegopl6n + ¥  ¬c¡	lH » ³R¼¨½¾ aUk,l6hj.mcesiDd!dgm	k¯¡~q'ziD{¢e<¬ u i, i usu i<U¡	i u iDqHesi u q6d  'D7-IR!$76& '!"#  ¥
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¦ ¡.i´oph'l u esq6n	ki´l6qklWl u copn	qHesidgbcdResi,h  l u qrmcesl6n.l]h'l]m	ddQbcdQegi,hdo|d^ci,hjl]n	dRe u qregi<zWbeg¡	i£Oq]dRe^{po¢esi u qHesm u il6n*eg¡	i
egl].o|k)}"V  ¬	¬`VD	¬Rr, ¥$ iD]q u copn.qrzdQl]{}mcesilAdQo}egopl6n	o}n.dgbcdResi,hdD¬.eg¡	i{}o}egi u qregm u i¨opdycl6hjopn	qHesiD%zWbUes¡.i$dsqHesi,{p{}o}egi,
z	q]dQi<h'i,eg¡.lc.dD¬^{po  i%Ã t a ) ,`¬1Ã{pl6n	q]dgdX)}$,Y¬^qrn²Ã¨qr{po}{pi,l ) , ¥= ]m	o}.	o}n.qr{p{1iDnAego}egopiDd*o¢es¡Cq?dsqHesi,{p{}o}egi u i<ki,op£6i u
kl]n	dQego}egmcesiDdyeg¡.ijziDdQe´qOb%egl% u lH£Ao|ci$eg¡.iDh o¢es¡®q£6i u b~¡.op6¡®{}iD£6i,{l61i­Wegi u nqr{  n	lH{}i<c6i]¬ u iDdgm.{}egopn.Uopnq£6i u b
iÆk,o}iDn]evk,lAl u .o}n	qregidgbWdQegiDh ¹ådgi,i ! op6m u i!.¹ z¿Q¿ ¥ n. l u egm.n	qregiD{}b]¬reg¡	opd^q6. u l]q6k¯¡'dQm Ki u d u l6h ophjl u e¯qrnAe^ u qOzq6k  d
¡.iDn±qr.	{}opiD~esldgi,n	dgl u n.ieRl us d,µo}eo|d[i,­ciDn	dQop£6i]¬iDn.i u 6bA`o}n	iÆkopi,nAeD¬Kqrn?k,q6n.n.lreyl ug ¡.i,n?eg¡.ijdQiDn	dgl u d!q u i
ciD.{}lHb]iD~opn±q§Dl6n.ies¡	qHeopdyl6m.eylr1dsqHesi,{p{}o}egi<d u iDk,i,op£6i u dgk,l6iDd$¹=q6d[o¢e¨opd!eg¡.i'k,q]dQiopn±dgl6hji$opn	clWl u l u m.n	ci u  u l]m.n	
dgi,n	dgl u ciD.{}lHbWhji,nAe¤¿ ¥
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   
¦ ¡.o|dj u l6z.{pi,h k,qrnÁzi±dQl]{}£]iDCzWb°i Am.op..opn.ªl6n	{}bÁq± iD i,nAego}egopiDd?¹=k,q6{}{piDÁl]dgo¢eso}l]nc`qO´q u iU{|qrnchq us d¯¿*o¢es¡
q?dsqHesi,{p{}o}egi u i<ki,op£6i u ¬qrn{}i,e$eg¡	iUlres¡.i u i,nAego}egopiDd*opnc i u eg¡.iDo u lAdQo}egopl6n° u l]hk,l6n.n.i<k¤eso}£Wo}eRb®opnc l u hqHeso}l]n/¬l u dgop6n	q6{
dQe u i,n.6eg¡'h'i<q6dgm u i,hji,nAesd )  ¬.¬`]6¬`  Vc<, ¥ ¡.op{pi!qr{p{}lHopn.ydgbcdResi,hdegl¨zi!ciDdgop6n.i<$o}eg¡* i,i u i,­Aesi u n	qr{  n.lH{piDc]i
¹R·.;!	.p¬/l]n.{}b% iD i,nAego}egopiDd  n.lHÄeg¡	i,o u l]dgo¢eso}l]n¿¤¬dgm	k¯¡?¡WbWz u op?q6. u l]q]k¯¡.iDd!q u i*kl]dQeg{pb@qrn	±q u i$n.l6eyiÆk,o}iDn]ey u l]h q
klWl u copn	qregiyq]dgk,i u esq6o}n.hjiDn]el]o}nAe´lr£Wopi,  ¥ yo K i u i,nAes{}b]¬.dQl]{}mceso}l]n	d1eg¡	qre´q u i!zq6dgiDl]n.{pb'l]nk,l6n.n.i<k¤eso}£Wo}eRb )  ¬g  ¬Q$+R,
q u i?qr{p6l u o}eg¡	h'o|k,q6{}{pb°dgo}hj.{pi u<¥9¼ i,£]i u eg¡.iD{}i<dgdD¬1es¡.i,bÁ¡	qO£]i~q¡	o}]¡ kl6hjh*m.n.o|k,qHeso}l]nÁk,l]dQeD¬´zi,opn.ªeg¡	i,o u klWl u copn	qHesi
dgbWdQegiDh U d´i,Æk,o}iDn	kbdRe u l]n.6{pbUciDiDn	ci,nAe!l6eg¡	i{pq6n	chq us d.i,n	dgo¢eRb%qrn	l]dgo¢eso}l]n.o}n	 )p<.¬Rr, ¥
x°hjl u i1qreQe u q]k¤egop£6iqr. u l]q]k¯¡ l u q6mcegl]n.l6hjl]m	ddgbcdResi,hd/o|d¡	i,nn.lylAdQo}egopl6n.`qO´q u i u i, i u i,nAego|qr{]opdm	dgiD ¥^½ {}i<q u {}b]¬
opn~eg¡.i'qrz	dgi,n	k,ilrvi,­Aesi u n	qr{  n	lH{}i<c6i]¬	dQiD{¢dQe u m	k¤esm u opn.ziDk,l6hjiDd[h'l u ik,l6hj.{pi­¬ u i]m	o u o}n	dQbcdQegi,hd´eslziDkl]hji
dQegop{}{^hjl u ijqrmcesl6n.l]h'l]m	d ¥³ n®l u ci u esl%k,l6ijo¢es¡±es¡.opd¨o|dsdQm.i]¬ u i<kiDn]e u iDdgiDq u k¯¡.i<d! u l6l]dgi*dgl6{pmcegopl6nd[es¡	qHe u iDdgm.{}eopn
[<·;76J:D#>9'?D7-IH·;!6´ziDo}n	jq]dgdgop6n.i<esl'n	lW.iDdD¬co}n	dQegi<q6%lr6iDl6 u qr	¡.opkklWl u copn	qregiDd*) .¬¯D	¬Rr, ¥
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! op6m u i  µ¹åqA¿`¤¹ z¿ = ­.q6h'	{}il6]i,l6hji,e u opkdRe u mk¤egm u opn. ¥ ¹=kD¿ = ­.qrhj.{pilr m.n	kegopl6n	q6{dRe u mk¤egm u opn. ¥
! o}]m u i%.¹åz¿$£Ao|dgm	qr{po}§DiDd*eg¡	i%k¯¡	q u q]k¤esi u opdQego|k,d$lr u i,{|qHesiD°l us dopn°es¡.i~{}o}egi u qregm u ik,l6hj	q u iDªegl®eg¡.i~» ³R¼¨½¾ a
qr	 u lAq6k¯¡ ¥³ edQ¡.lH!d!eg¡.iDo u coHK i u i,n	k,iDdyo¢es¡ u iDdgi<k¤eyegl~kl]dQeD¬k,lAl u .o}n	qregi'dQbcdQegi,h i,Æk,o}iDn	kb°¹Q·.;!?.p¬o¢e¯ddg¡	q u .n	iDdsds¿¬
qrnUopn.o}ego|qr{  n.lH{piDc]i ¥^¦ ¡.ik{pl]dgiDdQe´egl'eg¡	il u o}]o}n/¬Wes¡.izieQesi u o|deg¡	ikl6hj u l6hjo|dQizieRi,i,n%es¡.iDdgieg¡ u i,ik u o}egi u o|q ¥
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³ nªes¡.iU{po¢esi u qHesm u i]¬n	ieRl us klWl u copn	qregiDd*q u ihqropn.{}bm	dgiDÂ l u$u l6mceso}n	 ¥ iq u 6m	ijeg¡	qre$eg¡	i,o u opnAegi u iDdQe$]lAi<dåq u
zi,b6l]n	 ¥ ¡.i,nq6. u l6 u o|qHegiD{}bhq6n.o}	m.{pqregi<¬6n.i,eRl ug klWl u copn	qHesiDd u iD u iDdgi,nAesd^q¨lHi u  m	{WeglWl6{c l u coHKi u iDnAe  opn	.d
lr/n	ieRl us hqrnqr6iDhji,nAe ¥ x hq6o}n%kl6nAe u opz.mceso}l]nlres¡.opd	q6i u {popiDdo}n%dQ¡.lHopn.¡	lH egl u i,{pbjl6nUdgm	k¯¡Uq*klWl u copn	qHesi
dgbWdQegiDh  l u q6n~l u o}]o}n	q6{K.m u lAdQi ¥
 ñ0/¤ä	ß O<ç49DOéíß¤ðsæC1OßáYëíè¤àOç¯é9ßQç¯áYî<ä=ßG9ßRà,æåâ =Hç¯á=ßRöáC/¤éíî<æYë>/¤à<áí÷Yb<ðp÷-aHç¯äåßéíßQá=ácß òRëíßQàæ	ëíàëíà<ö://¤ä+/¤äcîOà<öOßRä=è¤ä</¤îOàOößRàô<ëíä</¤à:9ßRà,æ=á =6ßRá=ëíöOßRá
=rßRëíàOèç¯éíèB/¤äåë æ21:9ëíòQç¯éíé ø!òG/¤á=æ=éíßRáYáR?
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x dQiDk,o¢©k*n.i,eRl ug dRe u mk¤egm u ijdQ¡	l6m.{|@i,nqrz.{pi*n	lW.iDd[egl%6ieq6dsdgo}]n.iD?.o K i u i,nAe¨ziD¡	qO£Wo}l u dB%< m.nk¤egopl6nqr{po¢eso}i<d!ci
i,n	copn.l]nes¡.i,o u l]dgo¢eso}l]n%opn%eg¡.in	ieRl us¥ x[{¢es¡.l6m	6¡%eg¡.o|d!kDqrn%zii<q6dgo}{pbUcl]n.im.l6n@qrnWbl6{|q u k,lAl u .o}n	qregi<d,¬Wi
dg¡.lH ¡.i u i¨¡.lH ¼ i,e¯Ãi,lWao|d!ciD.{plHb6iDUm.l6n~» ³R¼¨½¾ a ¥
¼ i,e¯ÃiDlAa%ci©n.iDdyqdQiDk,o¢©k¨ l u h$m.{|q*eg¡	qreD¬l6n	k,iqr.	{}opiD%esleg¡.i$£Ao u egm	q6{klWl u copn	qHesiDd´l6i<q6k¯¡~n.lcci]¬	6op£6i<d u opdgi
egl*qdQiDk,o¢©k!6i,l]hjie u o|kdRe u m	kegm u opn.¹es¡	qHekDqrnjes¡.i,nco|k¤e¯qHesi!l u ]q6n.o}§<qHeso}l]n*{|qO!d l u eg¡.i!n	lW.iDdvopnjeg¡	i!n.ieRl us ¬r{po  i
eg¡	iyl]n.i u i Am.o u i<' l u µk,{}mdResi u o}n.¬A	qHesq*qr] u i,]qregopl6n/¬6l u iDn.i u 6bk,l6n	dgm.hjcegopl6nUhjq6n	qr]i,hji,nAe¤¿ ¥ x[dqrni,­cq6hj.{}i]¬W{}i,e
m	dkl]n	dQo|ci u dgi,n	dgl u dvco|dsdQiDh'opn	qregiDo}n%q{|q u 6i!]i,l6 u q6.¡.o|k,q6{.q u iDq ¥¦ ¡.i<dQidQiDn	dQl u dq u i!	q u eso¢eso}l]n.iDopnes¡ u iDi[ u l]m.	dD¬
eg¡	i  76 T% u l]m./¬es¡.i 4D;T u l]m./¬q6n	®eg¡.i $:7¨ u l]m. ¥¦ ¡.i = Am	qregl u  u l6m.®opdq@dgoph'	{}iE*gdRe u q6o}]¡Ae{po}n	iB,
lrn.lcci<d¨eg¡qHe*dgi,	q u qregopn.%eg¡.iUn.l u eg¡ªqrnÂdgl6m.eg¡ª u l6m		d ¥ Î/ie*m	dkl]n	dgopci u eg¡	iUqr.	{}o|k,qregopl6nªdgk,i,n	q u opl~¡.i u ijeg¡	i
n.lcci<d¨o}n®eg¡.i ¼ l u eg¡®q6n	aWl6mces¡® u l]m.	dq u i*opnk¯¡	q u 6i*lrk,l6{p{}i<k¤eso}n.~dgl6hji*opnc l u hqHeso}l]n/¬/dgm.z	dgi Am.i,nAes{}b±dgi,nAe¹ £Wo|q
q u l6m.egopn. u lreslWk,l6{¿´esleg¡	i = Am	qregl u  u l6m	 ¥[t i u oplW.opkDqr{p{}b]¬qU.{pq6n.iN^o}i<dylH£]i u es¡.i = Am	qHesl u {popn.i'q6n	?k,l6{p{}i<k¤esd[eg¡	i
u i,{pi,£HqrnAev.qHe¯q¨dResl u iD*o}n'eg¡	i = Am	qHesl u dgi,n	dgl u d ¥¦ lophj.{pi,hji,nAe1dgm	k¯¡qrnjqr..{po|k,qHeso}l]n/¬Hes¡.i!dQiDn	dgl u n.i,eRl ug dg¡.l6m	{p'zi
	q u eso¢eso}l]n.iD%opn?dQm	k¯¡~es¡ u i,i u l6m		d ¥³ e!egm u n	d[l6mce[eg¡	qre!eg¡.o|d[kDqrn~ziiDq]dQop{}b%q6k¯¡.opi,£]iD%o}eg¡?q
2
cophji,n	dgo}l]n	qr{/£Wo u esm	qr{
klWl u copn	qregidgbcdResi,h ¥ Î/i,e
(x1, x2)
zi%es¡.i» ³R¼½¾ a²klWl u copn	qHesiDd*lr[n.lcci
i
¥
i
ziD{}l]n.]d$egl®eg¡.i ¼ l u eg¡² u l]m.°o}
x1 < x2
¬.es¡.i*aWl]mceg¡@ u l]m.~o¢
x1 > x2
qrn%egles¡.i = Am	qregl u  u l6m.~o}
x1 = x2
¥! op6m u i  ¹=q]¿6op£6i<d!qrn@i,­.qrhj.{pilr
dgm	k¯¡%q']i,l6hji,e u opk¨dQe u m	k¤esm u opn.'o}n@q666rYn	lW.i[n.i,eRl ugK¥
aWophjo}{|q u {}b]¬Ho}njq
d
coph'iDn	dgo}l]n	qr{WdQbcdQegiDh%¬reg¡.i´n.lcci<dkDqrn*zi´iDq]dQop{}bq]dgdglcko|qHegi<o}eg¡'copdQegopn	kev	q u ego}egopl6n	dq6d l]{}{plH!d,µ
eg¡	in.lcci
i
zi,{pl6n	]degl?eg¡.i	q u eso¢eso}l]n
x
¬dQm	k¯¡Âes¡	qHe
x = min(x1, . . . , xd)
¥%¦ ¡.inWm.h$zi u l6q u ego}egopl6n	d.i,i,n	.d
l6n	{}b®l6nÂeg¡.iUn.ieRl us kl]n.n.iDkegop£Wo¢eRb ¥ x[d$dQ¡.lHnopn ! op6m u i  ¹ z¿¬ l u q?r]6H`n.lcci'n.ieRl us ¬eg¡	iUdQophj.{pij l u h$m.{|q
x = min(x1, x2, x2)
ci,©	n.iDdi Am.op£Oq6{}iDnAe	q u ego}egopl6n	dD¬¡	i u i'n	lW.iDdl6i<q6k¯¡Â	q u ego}egopl6nªq u ik,q6cegm u iDÂzWb@es¡.iUdsqrhji
 u l6i u eRb?¹ n	q6hji,{pb6¬.n.lcci<dqHe[co|dQesqrnki
x
 u l]h eg¡	ik{pl]dgiDdQe´zl u ci u ¿ ¥
¾ eg¡	i u 6i,l]hjie u o|k,qr{	q u eso¢eso}l]n.o}n	%kDqrn±zi'l6zce¯qropn.iD±zAb®ci©	n	o}n.~qr	 u l] u opqregi$ u i<copkDqHesiDdyl6n?es¡.ij£Wo u egm	q6{^klWl u 
copn	qHesiDd¨l61eg¡	in.lcciDd ¥'¦ ¡	iDdgi' u i<copkDqHesiDdhqOb@ l6{p{}lH /1!'B/D7-'S Tc·9l u %'9"Y·# u o}n	k,o}	{}i<d ¥¦ ¡.i' l u hji u ci,©	n.iDd
6iDl6hjie u o|k!dQe u m	k¤esm u o}n.*z	q6dgiDl6nes¡.iy]i,l] u qr.¡.o|k´{plWkDqHeso}l]nlres¡.iyn	lW.iDd¨¹åq]ddg¡.lHnopn ! o}]m u iDd  ¹åqA¿vq6n	  ¹åz¿Q¿ ¥^³ n
eg¡	i${|qHegi u ¬eg¡	i$6iDl6hjie u o|kdQe u m	k¤esm u o}n.Uopdci©n.iD@zq6dgiD~l6n? m.n	k¤eso}l]n	qr{zi,¡	qO£Wopl u l6vn.lcciDd[o}n±eg¡.i*n.ieRl usK¥ 2 l u i
dgi<ko}©k,q6{}{pb6¬o¢ee¯q  i<d'o}nAeglªq]k,kl]m.nAe'n	lW.i%{pl6]opkDqr{ iDqregm u iDdjzi,b]l6n	Cn.lcci<d*l]dgo}egopl6n.opn. ¥ ! l u i­.qrhj.{pi6¬kl]n	dQo|ci u
dgi,n	dgl u d^co|dgdgi,hjopn	qHesiD'o}nq¨{|q u 6i´]i,l6 u q6.¡.o|k,q6{Wq u i<q.¬6q m	n	k¤eso}l]n	qr{. u i<copkDqHesi!k,qrnq6{}{plH²es¡.i[co|dQe u o}z.m.egopl6njlr/dgi,n	dgl u d
opnes¡.in.i,eRl ug opn~h'o}­ciD u l6m.d´lr.o K i u i,nAe[dQesqHesiDd´l6i,n	i u 6bUk,l6n	dgm.hjcegopl6n¬.q6ddg¡.lHnopn ! o}]m u i  ¹=kD¿ ¥
x!n	lreg¡	i u i,­cq6hj.{}i[lrqr..{po|k,qHeso}l]nlrq6iDl6hjie u o|kdQe u m	k¤esm u opn.o|degl*ci©	n	i[q¡.opi u q u k¯¡.o|k,qr{.dQe u m	kegm u i´eglophj u lH£6i
 u lreslWk,l6{|d/¡.o|k¯¡$k,l6hjh$m.n	opkDqHegopl6nk,l]dQeo|d
O(N2)  ¥v½ l6ndQo|ci u ¬D l u i­.qrhj.{pi6¬Hq!n	ieRl us ¡.i u in.lcciDdk,q6nzi´cop£Wopci<opn]esl
p
	q u eso¢eso}l]n	d¹ ! o}]m u i  ¹ z¿ciD.opkesd^dgm	k¯¡*qy	q u eso¢eso}l]n.o}n	yo}eg¡
p = 3
¿ ¥ x[n*opn	dQesqrnkilr	es¡.iz	q6dgi u l6eglckl]{WkDqrn*zi
i­ci<kmcesiD%o}n~i<q6k¯¡%	q u ego}egopl6nª¹-!	.0/.p¬. l u q*{piDq]ci u iD{}i<k¤eso}l]n¿o¢es¡?klAdRe
O
(
(N/p)2
) ¥ xÄ u l6eglckl]{¡.opk¯¡@k,l]dQe´o|d
O(p2)k,q6n±es¡.i,nªzim	dgiD±egl@.opiDk,ijeg¡.i u iDdgm.{}esd¨l6i<q6k¯¡Â	q u ego}egopl6n ¹-!	.0/1.CBo}nl u ci u esl?ciesi u hjo}n.iq%]{}l]z	qr{{piDq6.i u qrhjl]n.
eg¡	i{}i<q6ci u d!lr^iDq]k¯¡@	q u ego}egopl6n
p
¿ ¥!¦ ¡.o|d u iDdgm.{¢e¯dopn±q6{pl6zqr{/kl]hjh$m.n.o|k,qregopl6n?k,l]dQe!lr
O
(
(N/p)2 + p2
) ¬	opn	dResiDq]~lr
O(N2)
lr^es¡.i$z	q]dQi* u lreglck,l6{ ¥[³ n@åq]k¤eD¬Ko}e¡q6dyziDi,n±q6{ u iDq]cb%dg¡.lHn@opn?es¡.i*{po}egi u qHesm u ieg¡	qre¨k,{}mdResi u iD@qr	 u lAq6k¯¡.i<d
i­c¡.opz.o}e!zi,eQesi u dsk,q6{pq6z.o}{po}eRb u l]i u eso}i<deg¡	q6n~m.n	k{pm	dQegi u i<Ul]n.iDd<)pDD, ¥
  -7 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&'j+0% C
%+ 
¦ lz.m.op{p±qhjiDqrn	o}n.6 m.{klWl u copn	qHesidQbcdQegi,h~¬eg¡.i*n.lcciDd[n.i,i<~eglq6k Am.o u i$dQl]hji6{pl6z	q6{qrn?kl]n	dQo|dQegi,nAe  n.lH{piDc]i
l6n'es¡.in.ieRl usK¥¦ ¡.i u l]lAdQi<*q6. u l]q6k¯¡* u lH£Ao|ci<dn	lW.iDd^o}eg¡q¨n.lH£]i,{.qrn m.{p{pb'ci<kiDn]e u q6{}op§,i<$´qObl6q6k Am.o u opn.
eg¡qHe  n.lH{piDc]i ¥~¦ ¡.i u lreslckl6{^o|d$k,l6hjl]dgiDÂlr´ l6m u kl]n	dgiDkm.egop£6i.¡	q]dQi<d¨eg¡qHe*q u ici<dgk u opziDopneg¡.i l]{}{plHopn.
dgm.z	dgiDk¤eso}l]n	d ¥9³ n l u .i u egl² u lH£Wo|ci~eg¡	i u i<q6ci u o}eg¡ q]{}l]z	qr{!opnAegm.o}egopl6n¬´eg¡.i®m.n	ci u {pbWo}n.ª]i,n.i u q6{!o|ciDqo|d© u dQe
ci<dgk u opzi< ¥
¦ ¡.i© u dQe$.¡	q]dQiU{}iD£6i u qr]iDdq?.i,n	dgo¢eRbÂ¡WbWl6eg¡.i<dQo|desl?op.i,nAego} bªq?dQhq6{}{dQi,e$lr·;	·;Y·7'¤¬^¡.o|k¯¡°op{}{¡	qO£6iq6n
oph'l u esq6nAe u l]{}i$lH£6i u eg¡.i*n.i­Wey	¡	q6dgiDd!q6n	@i<dQiDk,opq6{}{pbopn@es¡.i$zl u ci u ciesiDkegopl6n ¥ ym u o}n	eg¡.i'dQi<kl]n	~.¡	q]dQi]¬i<q6k¯¡
n.lccij{piDq u n	d¨o}esdco|dQesqrnki'egl~iDq]k¯¡®opn.o}ego|qHesl u
	H¥ q]dQi<±l]n±es¡.iDdgico|dRe¯qrn	k,iDdD¬q%ziD{¢el6zl u ci u n.lcci<dopddgi,{piDkegi<±opn
t ¡	q]dQi  qrn	Âes¡.izi,{}e*6i,esd¨es¡.i,nCco}£Wo|ciDopnAegl
d
dQiD6hji,nAesdU¹
d
zi,opn.@es¡.iUcophji,n	dgopl6nªlr´es¡.iUklWl u copn	qregidg	q6k,i<¿ ¥
! o}nqr{p{}b]¬	opn t ¡	q]dQi +¬	iDq]k¯¡@ u lWk,iDdsd´{}i<q u n	do}esdco|dRe¯qrn	k,io¢es¡ u i<dQiDkeegli<q6k¯¡~zl u ci u dQiD6hji,nAeD¬qrn	@k,l6hj.mcesiDd!o}esd
d
`cophji,n	dgopl6n	q6{/klWl u copn	qHesiDdz	q6dgiDl6neg¡	iDdgio}nc l u hqregopl6n ¥ x dgm.hjhjq u bl6es¡.iDdgi.¡	q]dQi<do|d!ci<dgk u opziDo}n ¦ qrz.{pij ¥
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 i@i,£Hqr{pm	qHesiD²eg¡.o|d u l6eglckl]{es¡ u l6m.]¡Ádgo}h*m.{|qHegopl6ndjo}n q{|q u 6i%nAm	h$zi u l6n.i,eRl ug d ¥  i@m	dgiDCes¡.opdUdQi,elr
dgo}h*m.{pqregopl6n	d[egl@dgiesm.®dgl6hjijdQiDk,o¢©k*	q u q6h'i,egi u d'¹ hjl u ijcie¯qrop{pd¨q u i$ u lH£Wo|ciD@opn®eg¡.ij.¡	q]dQi<d$UKci<dgk u opcegopl6nds¿ ¥E! l u
iDq]k¯¡².¡q6dgi6¬1i~qr{|dQlÂ u lH£Ao|ci%qÂk,l6hj.{pi­co}eRb°qrn	q6{}bcdgopd ¥  i%hji<q6dgm u ieg¡	i~k,l6nW£6i u ]i,n	k,iegophji@q6d*eg¡.i@nWm.h*zi u lr
opn]esi u q6kegopl6n	d¹=qrn@opnAegi u q6kegopl6n@o|d[ci,©	n.i<@q6des¡.ieso}hji u i Am.o u iD% l u z u l]q6	k,q6dQegopn.q
1
Y¡.l]~h'i<dgdsqr]i<¿ ¥³ n?q].co}egopl6n/¬
 l u eg¡.iydgq  ilrdgoph'	{}o|ko}eRb'q6n	j ¥ { ¥ l ¥  ¥ ¬6i[q6dsdgm.hji!o}neg¡.i[q6n	qr{pbcdQo|dvq6nm.n.o} l u h co|dQe u o}z.m.egopl6nl6Kn	lW.iDdvopnUqd Am	q u i
 u o|¬cl u qdg	q6k,ico}£Wo|ciD~q]k,kl u .o}n.*eglqj{|qHegego|ki ¥v³ n%eg¡.o|d!kl]nAegi­We<¬.kl6ndQo|ci u opn.
N
n	lW.iDdD¬ciDq6k¯¡ u lH l u k,l6{pm.hjn~lr
eg¡	i{pqreQego|ki,`.o}£Wo|ciD%dQq6kik,l6nAesq6o}n	d √
N
n.lcciDd ¥
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! o}]m u i +	µ¹=q]¿ ¼ lcciDdyo}eg¡±¡	o}]¡.i u dgk,l u iDdyq u i{}lckDqHegi<@l6n?eg¡.i'zl u .i u<¥ ¹ z¿ ¦ ¡.i'i u o}hjiesi u zlWl6esdQe u qr@n.lcci<dyq6n	
opn.o¢esopqregl u dci,©	n.o}egopl6n% l u q
2000
`n.lcciyn.ieRl usK¥
 
å< Ì @ È 
   È 
JK Ì  Ì/Ì Í ³ n%l u .i u eglco|dgk,lH£6i u o}esd´lHn%n.iDo}]¡Azl u ¡.lWlc¬ciDq]k¯¡Un.lcci
i
z u lAq6.kDq6dQesdqjhjiDdsdgq66i
k,q ugu bWo}n	Uo}esd¨o|ci,nAego}eRb ¥'³ e¨eg¡.iDn®´qro}esdy l u qdgo}hjop{pq u h'i<dgdsqr]i l u q©.­ci<±i u o}lc®lrveso}hji?¹ eg¡.icm u qHeso}l]n±l6¡.o|k¯¡
o|dci,egi u hjopn.iD  u l6h"dgo}h*m.{pqregopl6n u iDdgm.{}esd¯¿ ¥¦ ¡qHe´qOb6¬i<q6k¯¡ n.lcci
i
{}i<q u n	dUq6zl]mceo}esdn.i,op6¡Wzl u d,¬!q6n	 k u iDqregi<d
kl]n	dgi Am.i,nAes{}b?q{}lckDqr{^dQi,e
neighborsi
¥*¼ lcci
i
eg¡.iDn®z u l]q].k,q]dRe¯d!es¡.ik,q u copn	q6{}o}eRb@lrves¡.o|ddQi,e |neighborsi |
dgleg¡	qre
iDq]k¯¡n	lW.i{piDq u ndeg¡.inWm.h*zi u lrn.i,op6¡Wzl u do}esd´n	i,op6¡Wzl u d´¡qO£6i ¥
%È  È   
  
   
  
å?
å. Ì O xees¡.iji,n	Âlreg¡.lAdQi'eRl%k,l6hjh$m	n.opkDqHeso}l]nÂdQegiD	d,¬iDq6k¯¡Ân.lcci
i
o|dqrz.{pi'egl@ci,egi u hjo}n	i
o}´o}e$o|dqrnopn.o}ego|qHegl uD¥ x!nªopn.o}ego|qHegl u o|d$q~{plWkDqr{*QhqH­co}hq6{ ,n.lccij u l6h q@.i,n	dgo¢eRb®l]o}nAe$l6£Aopi, ¥³ nAegm.o}egop£6iD{}b]¬es¡.opd
o|d u i$^	iDkegi<®zWbq~n.lcci¡	qO£Wopn.@hjl u i'n	i,op6¡Wzl u des¡	qrnªo}esdn.i,op6¡Wzl u d ¥ x n.lcci
i
o|dq6nªo}n.o}ego|qHesl u o}´eg¡.i l]{}{plHopn.
 u iDco|k,qregi¨o|ddgqrego|dR©	i<µ
∀j ∈ neighborsi : |neighborsi | > |neighborsj |.
¹RO¿
aWoph$m.{|qHeso}l]n	dl6nÂqU£]i u b@{pq u ]i$nWm.h$zi u l6dski,nq u o}lAd[¡	qO£]i*dg¡.lHn?es¡	qHe<¬ l u nWm.hji u l]m	d[n	ieRl us dy¡.i u i'n.lcciDd
q u i'm.n.o} l u h'{pb±co|dQe u o}z.m.egiD/¬/eg¡	inAm	h$zi u lro}n	o¢esopqregl u d u i,hqropn	d{}lH ¹ m	dgm	q6{}{pb  ¬ +%l u W6¿ ¥ x[{¢es¡.l6m.]¡®n	lreegl~ziq
u i Am.o u iDh'iDnAe l u es¡.i u lreslWk,l6{8U dkl ugu iDkegn.i<dgdD¬cq*dghqr{p{nWm.h$zi u lro}n	o¢esopqregl u d´{piDq6	d1eslj{}i<dgdhjiDdsdgq66i<dq6n	iDn	dgm u i<d´q
åq6dQegi u kl]nA£]i u 6iDn	ki ¥N! o}]m u i*+¹åqA¿dg¡.lH!dq6ni,­cq6hj.{}i¨l6opn.o}ego|qHegl u d´dgi,{piDkegopl6n ¥
 1È @ È H C
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å É aWopn	kii%q6dsdQm.hji%q?m.n.o} l u h n.lcci%ci,n	dgo}eRb6¬vn.lcci<d*q u iUi­ci<k¤esiDªesl®¡qO£6iUq±nAm	h$zi u lr
n.iDo}]¡Azl u dj u l6l u egopl6n	q6{egleg¡	i?q u iDqÂlreg¡.i?dgbcdResi,h klH£6i u i<°zWb°es¡.i,o uu q6copl u q6n.6i ¥ ¦ ¡.i u i l u i~n.lcci<dl6nÁeg¡	i
zl u ci u q u ii,­ci<k¤egi<%egl¡qO£6iq u l6m	n	%¡	qr{}^lreg¡.i u q]copl u q6n.6iq u iDqD¤·I1!es¡.i$dgbcdResi,h qrn	%es¡.i u i l u i]¬.¡	qr{}v{piDdsd
 Ý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n.iDo}]¡Azl u d ¥¦ ¡Wm	dD¬] u i<copkDqHesi[iDn	qrz.{piDdvegl'dQiD{}i<k¤e1opn.o}ego|qHegl u d1eg¡qHeq u i[n.lrel6njeg¡	iyzl u ci u ¹eg¡	opdo|d1ophjl u e¯qrnAev l u eg¡	i
n.i,­Ae!	¡	q6dgiDdD¬.q6di­c.{|qropn.i<{|qHesi u ¿ ¥
 Ì    È1 
å É     É 	
å ½ {piDq u {pb6¬<eg¡	ik,l6hjh$m.n	opkDqHegopl6n*kl]dQelrceg¡	opd.¡q6dgi1o|d
2N
hjiDdsdgq66i<d,¬OdQopn	kin.lcci<d© u dQeopnc l u h
eg¡	i,o u `¡.l]ªn.i,op6¡Wzl u dqrzl6mce$eg¡.iDo u
id
d$q6n	Âeg¡	i,n/¬^l]n	kin	i,op6¡Wzl u d$q u iUco|dgk,lH£6i u iD/¬/eg¡	i,bªdQiDn	ªq?dgiDk,l6n	 ,Y¡.l]
hjiDdsdgq66i¨kl]n]e¯qropn.opn.'eg¡.iDo u nWm.h*zi u lrn.i,op6¡Wzl u d ¥¦ ¡.i¨egophjilr^kl]nA£]i u 6iDn	kiyopd
2
opn]esi u q6kegopl6n	d ¥
 - 
 #12=) 
  57.98-)+.= 3657.9) 81);: %"5$;
¦ ¡.iq6o}h lreg¡.o|d.¡	q]dQio|d¨esl@ u lH£Wo|cijiDq]k¯¡®n.lccio}eg¡ªo}esd  BD7-IR!$7M$9'7-!,¬.i©	n.i<¡.i u iDqregi uD¥¦ l~eg¡	qrei,n	/¬i<q6k¯¡
n.lccici,egi u hjopn.iDd´o}esd!.opdQesq6n	kieglji<q6k¯¡%o}n.o}ego|qHesl u<¥
 Ì   ?
  CÍ>
=,<   È  Ì 
  
 ?
=c Ì H = q6k¯¡±opn.o}ego|qHesl u
i
z u l]q6	k,q6dQesdqh'i<dgdsqr]i*k,l6nAesq6o}n.opn.o¢e¯d¨opciDnAego}eRb?qrn	®q
¡.l]Ckl]m.nAegi u ¹åo}n	o¢esopq6{}op§,i<°esl
0
¿ ¥ x!egi uu i<ki,op£Wo}n	®q®h'i<dgdsqr]i
m
qrn°o}
m
oph' u lH£]iDd*o¢e¯d'.opdQesq6n	ki%egl
i
¬1n.lcci
jopn	k u iDq]dQi<dves¡.i¡.l6~kl]m.nAegi u q6n	z u lAq6.kDq6dQesdo¢e´esl'o}esd´lHn%n.iDo}]¡Azl u dDÀ]l6eg¡.i u o|dQi]¬
j
co|dgkDq u .d1eg¡.ihjiDdsdsqr6i
m
¥v¦ ¡	i
co|dRe¯qrn	k,i¨lr^q*n	lW.i
j
 u e[q6nopn.o}ego|qHesl u
i
¹
dist(i, j)
¿o|d!ci,©	n.iD%q6d l]{}{plH!dDµ
dist(i, j) = min{dist(i, `)|` ∈ neighborsj } + 1.
¹=6¿
  È  Ì HÍ È U< Ì  È¦ ¡.i£Hqr{pm.ici,n	lregi<
scorej
ci©n.iDdes¡.i  '7-I1!"7 $9'7B!´lrq*n	lW.i
j
¬q6d l6{p{plH!d,µ
scorej =
∑
i∈initiators
dist(i, j).
¹  ¿
¦ ¡.o|ddgk,l u i'.i©	n.o}egopl6nk,q6n®zidgi,i,nq6d¨hji<q6dgm u opn.~qrn*QqO£]i u qr]i$co|dRe¯qrn	k,iB,$esl~q6nWb?o}n	o¢esopqregl u<¥ Î/ie
dist(i, `)
zi
eg¡	i$co|dRe¯qrn	k,ilrn.lcci
`
o¢es¡ u iDdgiDk¤e[egljeg¡	io}n	o¢esopqregl u
i
¥ Î/ieym	dl6zdQi u £]iyes¡	qHe[q6nWbUn.lcci
j
iDq6dgop{}b{piDq u nd
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   ÃiDl6 u q6.¡.o|k	q u ego}egopl6n.opn. u i i u d/egl[eg¡.ico}£Wo|dQopl6nl6ceg¡.idQq6ki1o}nAegly6iDl6 u qr	¡.opkDqr{H§Dl6n.i<d
 l u qr.	{}o|k,qregopl6ncci,i,nci,nAe$.m u l]dgiDd ¥@¼ ie¤Ãi,lWaÂi,n	q6z.{}i<desl±q6k¯¡.opi,£]idQmk¯¡°qrn°q6kDkm u qHesi6iDl6 u qr	¡.opk'l u egopl6n.opn. ¥
¦ ¡.o|dopd¨ci,esqrop{piD?opnªaWiDkegopl6n  ¥  qr{pl6n.%dQl]hji*i,­cq6hj.{}i<d ¥¦ l%o}{p{}mdRe u qregi'l6m u .m u lAdQi]¬Keg¡.i* l6{p{plHo}n.U m.n	kegopl6nÂq]d
m	dgiD°eglÂ u lccmkies¡.i%o}nAe u lccm	kegl u bi­.qrhj.{pi6¬^¡	i u in.lcci<d$i u idQe u m	kegm u iDªopnAegl D76;Tc¬ 4D;Tc¬1qrn	  $:7
 u l6m		d¨¹ådgi,i ! o}]m u i  ¹åqA¿Q¿¤µ
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! o}]m u i¨	µ!¹åqA¿Ãi,l6 u q6.¡.o|k!	q u eso¢eso}l]n.opn.ji­.qrhj.{pi ¥ ¹åz¿`¤¹åk<¿ ! m.n	kegopl6n	q6{/	q u eso¢eso}l]n.o}n	*i,­cq6hj.{}i<d ¥
f : N ∗ N → {1, 2, 3}
f(x1, x2) →
{
1 when x1 > x2
2 when x1 = x2
3 when x1 < x2
x!n	lreg¡	i u m	dgi m.{6iDl6 u qr	¡.opk*	q u eso¢eso}l]n.o}n	%o|d¨es¡.i 5D7J/!"8&#ê·HE1! S:76Y·;Y·	·;/r¬q6d$dQ¡.lHnÂopn ! op6m u i	¹=q]¿ ¥U¦ ¡.o|dopd
q6kegm	q6{}{pb°qdRe u q6o}]¡AeQ l u ´q u ÂdQe u m	kegm u o}n	±eslq]k¯¡.opi,£6i%m	dgo}n	®l]m u klWl u copn	qHesi%dgbcdResi,h u i,{pbAopn.Âl6n
d = 1
¥²³ nCeg¡	opd
dQe u m	k¤esm u i]¬i<q6k¯¡Ân.lcci6i,esdq6d$qq u ego}egopl6nnWm.h$zi u ¬o}esdhjopn.oph$m.h ¡.l6ªco|dRe¯qrn	k,ijegl%eg¡	izl u .i u<¥¦ ¡.opd$k,qrnÂziq
m	dgi m.{^dQe u m	k¤esm u i l u e u q6k  opn.q6..{popkDqHeso}l]n@ l u i­.qrhj.{pi6¬K¡.i u i'qr{p{eg¡.i'o}n	n.i uu opn.Adyk,l6m.{|?zi'dgieo}nÂdQ{pi,iD±hjlcci6¬
eg¡	il6n.{pb~q6k¤eso}£]i	q u ego}egopl6n~zi,opn.es¡.izl u ci u<¥  ¡	i,n.iD£6i u qn.lcci u l6h q	q u ego}egopl6n
p
dgi,ndQi<d!dQl]hjieg¡	o}n.¬.o¢eq  i<d
m.%eg¡	i	q u ego}egopl6n
p + 1
¬.dQl'eg¡qHeeg¡	in.ieRl us opd! u q6cm	q6{}{pbjl  iDnm. ¥
f : N → N
f(x1) → x1
! l u es¡.idsq  i!lr u i<q6.q6z.o}{po}eRb6¬6i[¡qO£6i!m	dgiDq iD nAm	h$zi u lr	q u eso¢eso}l]n	dvopnes¡.i¨ci,.o|k¤esiDUi­.qrhj.{piDd ¥¼ i,£]i u eg¡.i,
{piDdsd,¬ ¼ ie¯ÃiDlAa%qr{p{plH!d1 l u qrnWbnWm.h*zi u lr	q u ego}egopl6n	dD¬co}eg¡@q*©	n.i` u qropn.i< u iDk,opdgo}l]n®¹åm.nAegop{l6n	i¡	l6%opciO¿ ¥
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   ¼ i,e¯Ãi,lWa k,q6n qr{|dgl°ziÂm	dgiD eslCq]k¯¡.o}iD£6i@ m	n	k¤eso}l]n	qr{	q u ego}egopl6n	o}n. ¥³ n ]i,l] u qr.¡.o|k
dQe u m	k¤esm u opn.¬Wq*dQiDk,o¢©k[{plck,qHeso}l]no|dq]dgdglcko|qHesiDo}eg¡iDq6k¯¡U	q u ego}egopl6n ¥³ nU m.n	k¤eso}l]n	qr{K	q u eso¢eso}l]n.opn.	¬WiDq]k¯¡	q u eso¢eso}l]nopd
q6dsdglWk,opqregi<Uo}eg¡@q'6op£6iDn%q6..{popkDqHegopl6n~l u dQbcdQegi,h'ci,i,nci,nAe´ m.n	kegopl6n ¥$! l u i,­.qrhj.{pi6¬.l]n.ik,qrn~m	dgieg¡.o|d i<qHesm u iesl
6i,e!qdRe u m	kegm u ii,hjlHi u opn.j u qr.¡ckl]{}l u opn.$q6{}]l u o¢es¡.hd,¬Wl u h'l u iDlH£6i u eglq6..{pbUcop£Wopci,=eslr u m	{}ihjieg¡	lW	d ¥
Ûäåëíá`ç
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 dgopn.eg¡.iK*Q{}opn.i , u iDco|k,qregi´opn]e u lccmkiD'opnaWiDkegopl6n  ¥  ¹=dQiDi ! o}]m u i  ¹åq]¿g¿¤¬]l6n.ik,q6n'k u i<qHesiq u qr{p{}iD{c£6i u ego|k,q6{W{}opn.iDd
qHei<q6k¯¡
jv
wRm.hj	dD¬	q6d.i,.o|k¤esiD%l6n ! o}]m u i¹ z¿g¿¤¬.m	dgopn.	µ
f : N4 → {0, 1}
f(x1, x2, x3, x4) → max(x1, x3) mod jv
½u iDqHeso}n	*	q u q6{}{pi,{K¡.l u op§,l]nAesqr{K{po}n	iDd!qre´i<q6k¯¡
jh
wRm.hj	d!kDqrn%zidgo}hjop{pq u {pbUcl]n.i¨zWbm	dgo}n.µ
f : N4 → {0, 1}
f(x1, x2, x3, x4) → max(x2, x4) mod jh.
Î/o  iDopdgi6¬Wl]n.ik,qrn@ci,©	n.iq u i,6m	{pq u {|qHegego|ki¹
jh = jv = 2
¿opnes¡.i¨ l6{p{plHo}n.'´qOb?¹ådgi,i ! o}]m u i  ¹ z¿g¿¤µ
f : N4 → {0, 1, 2, 3}
f(x1, x2, x3, x4) → max(x1, x3) mod 2
+2 ∗ (max(x2, x4) mod 2)
x  m.nk¤egopl6nqr{	q u ego}egopl6n.opn.°hqObÁzi®m	dgiDÁeglÁq6dsdQop6n £Hq u opl6m	dj m	n	k¤eso}l]n	qr{po¢eso}i<desl²n.lcci<dUciDiDn	copn.²l]n eg¡.iDo u
	q u eso¢eso}l]n±nWm.h$zi u<¥E! l u i­.qrhj.{pi6¬Kes¡.ij u iD£Wo}l]m	dy.iDdsk u o}ziD± u i<co|k,qHesi'kDqrn?zijm	dgiD@esl@copdQe u opz.mcegi'n.lcci<dyzieRi,iDn
qO´q  iqrn	~dg{}iDi,~dRe¯qHesiDd l u iDn.i u 6bkl6ndQm.hjceso}l]nhq6n	qr]i,hji,nAe ¥
2 l u i~kl]h'	{}o|k,qregiD dg¡	qriDdkDqrnÁzi? u qOnÁzWb°hjo¢­copn.ªi Am	qregopl6n	d~¹ i<dQiDk,opq6{}{pb²o}¨l6n.i  n.lH!d'eg¡	i?dQop§,i~lreg¡	i
n.i,eRl ug ¿¤¬Hdgm	k¯¡*q]d/es¡.i !"PR!$&#ê·HE1!	q u eso¢eso}l]n.o}n	yciD.opkegi<opn ! o}]m u i	¹=kD¿qrn	*ci©n.iD u l]hÄeg¡.i l6{p{}lHopn.yi Am	qHeso}l]n	dB(Hµ
f : N4 → {0, 1, 2, 3}
f(x1, x2, x3, x4) →











0 if eyelid
1 if pupil
2 if iris
3 if eyelashes
4 otherwise
¬.¡.i u ies¡.i u iDco|k,qregiDd
eyelid
¬
pupil
¬
iris
¬.qrn
eyelashes
q u ici,©	n.iD%q6d l]{}{plH!dDµ
  / 
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["[| QOd (x0 = 9 ∧ x2 < x0) ∨ (x2 = 9 ∧ x0 < x2)cTcQ  x1 = x2 = x3 = x4QP\QPR (abs(x0 − x2) < 2) ∨ (abs(x1 − x3) < 2)["[| b7R  [ R (x0 < 12) ∧ (x1 = x2 ∨ x2 = x3 ∨ x1 = x3)
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= ¼ l±hjiDdsdsqr6ii,­.k¯¡	qrn.]io|d$i u  l u hjiD l u es¡.i ¼ ie¯ÃiDlAaª.i,.{plHbWh'iDnAe ¥°¾ n	kies¡.i%» ³R¼ 
½¾ aÂdQbcdQegiDh opd$kl6hj.{piesiD¬n.lcci<dci©	n	ijeg¡.iDo u q u ego}egopl6nz	q6dgiD®l6n u ikl]nc©	]m u i<?]i,l6 u q6.¡.o|k,q6{l u  m.n	k¤eso}l]n	qr{
	q u eso¢eso}l]n.o}n	* m	n	k¤eso}l]n	d ¥v¦ ¡Wm	dD¬Weg¡	ikl6hjh*m.n.o|k,qHeso}l]n%k,l]dQe!qrn	Uegophjilr^kl6nW£]i u 6i,nkiyq u ii Am	q6{egl
0
¥
  ´ # ^ " %
   0% ¨+
¦ ¡.idgiDkegopl6n@ciDdsk u opzi<deg¡.ii,­ci u ophji,nAesd´i¡	qO£6ik,l6n	cmk¤egi<eglq6dsdgiDdsd´zl6eg¡%eg¡.i$i u  l u hqrnkiqrn	Ueg¡	i$q6kDkm u q6k,b
lr1eg¡.ij u l6l]dgiD?q6. u l]q]k¯¡ ¥¦ ¡	i'i,­ci u ophji,nAesdy¡	qO£6i*ziDi,ncl6n	i*m	dgopn.%qco|dgk u i,egi'i,£6iDnAe¨dgo}h*m.{|qHegl u ophj.{pi,hji,nAegi<
opn]qO£Hq ¥¼ lregi[eg¡	qreq]dviyq u ihjl]dQeg{pbjo}nAegi u i<dResiDjopnes¡.iyq6{}]l u o¢es¡.hjopk´iD£Oq6{}mqHegopl6n¬]l]m u dgo}h*m.{|qHegl u ciD{}opzi u qHegiD{}bjclWiDd
n.l6e!h'lcciD{qr{p{Keg¡	icie¯qrop{pdl6q u iDq6{}o|dResopk 2 x ½  u lreslWk,l6{ ¥³ n	dResiDq]¬.i¨k,l6n	dgo|ci u iD%qjdQophj.{}o}©	i< 2 x ½ {|qOb6i u ¡.i u i
n.iDo¢es¡.i u hji<dgdsqr]iDd{}lAdgdgiDdD¬cn.l u k,l6{p{}o|dgo}l]n	d,¬Wn.l u cm..{po|k,qHeso}l]n	dq u ikl]n	dQo|ci u i<&( ¥
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  È D  È   io}hj.{pi,hjiDn]esiDeg¡	idQbcdQegi,h hjlW.i,{/ci<dgk u opzi<%o}n?aWi<k¤egopl6n@ ¥v¦ ¡	in	lW.iDdn.iDo¢es¡.i u k u q]dQ¡¬
n.l uu m.n%l6m.e!lrzqHeQesi u b ¥v¦ ¡.iDbUdQe u opkeg{pb l6{p{}lH eg¡.i u l6eglckl]{ *Qn.l  bW§DqrnAeso}n.i , ¥
¾ m u dgo}h*m.{|qHegopl6nd¨o}nW£6l]{}£]idgk,i,n	q u opl]d¡.i u i'eg¡	inWm.h$zi u l6n	lW.iDd£Hq u opiDd u l6h
250
egl
2600
¥¦ ¡.in	lW.iDdq u i
co|dRe u opz.mcesiDlH£6i u q
2
co}hjiDn	dQopl6nqr{.{pq6n.i6¬Wopnq6nq u iDq$lr
500× 500 d ]mq u i[m.n.o}esd ¥ x9n.lcci u qrn	6i[o|d´dQoph$m	{pqregiDq6dqko u k{pi$q u iDq ¥  q]copl u q6n.6i<d´ u l]h
30
egl
50
copdQesq6n	kim	n.o¢e¯d[¡qO£6izi,i,n±m	dQi<~o}n~es¡.i*dgoph$m.{|qHeso}l]n	d ¥¼ lW.iDd!z u lAq6.kDq6dQe
 hjiDdsdsqr6i<d1o}eg¡	o}n~es¡.i,o uu q]copl u qrn.]i6¬.k,l6nAesq6o}n.opn.'o}n. l u hjqregopl6n u iAm.o u iDopni<q6k¯¡%» ³R¼½¾ a U d	¡	q6dgi ¥
 i[kl]n	cm	kegiDji,­ci u ophji,nAesd^m	n	ci u £Hq u o}l]m	d^n.lcci!co|dQe u o}z.m.egopl6n	d1o}njes¡.i[n.i,eRl ug ¹R·.;!	.p¬cm.n.o} l u h%¬]n.l u hqr{Y¬6h*m.{¢eso¢
kiDnAegi u iDn.l u hqr{co|dQe u o}z.m.egopl6n¿´q6n	%£Oq u opl6mdzl u ci u dQ¡	q6i<d,¬c{po  i u i<k¤e¯qrn.]{}i,^q6n	%cl6nWmce¯dRdQ¡qriD&(egl6l6{pl6]o}i<d ¥
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! op6m u i.µ ½ lAdRe!qrnqr{pbWdgo|dq]dq* m.n	k¤eso}l]n~lreg¡.in.i,eRl ug dgop§,i6¬W l u
d = 4
¥
 È ,
=6 = q6k¯¡?l6opnAeyl61qrn?i,­Wi u oph'iDnAesqr{km u £]i u i<dQm	{¢e¯d u l6h
20
opn	ciDiDn	ciDn]ei­ci u o}hji,nAe¯d ¥L! o}]m u i* u iDdgi,nAesd
eg¡	iqO£6i u qr]i u iDdgm.{}esd´lreg¡	iDdgii­ci u ophji,nAesdq]deg¡.i$n.ieRl us dQop§,iopn	k u i<q6dgiDd u l]h
250
esl
2600
n.lcci<d,¬c l u q
40
`m.n.o}e
u q6copl u q6n.6i ¥¼ ieRl us dgo}§Di[qrn u q]copl u q6n.6i!q u ies¡.i!eRlhqropn	q u q6h'i,egi u d^l6Keg¡.idQoph$m.{|qHeso}l]n	d1dgopn	kies¡.i,bjophj	q6ke
eg¡	i´qO£]i u qr]i^nAm	h$zi u lr	n	i,op6¡Wzl u dD¬<eg¡.idgbcdResi,h dgo}§Di6¬rqrneg¡	i´.i,n	dgo¢eRb¹å¡.o|k¯¡*]{}l]z	qr{p{}b¨ophj	q6keopn.o}ego|qHegl u ciesiDk¤eso}l]n¿ ¥
x!n	lreg¡	i u¨ iDb%q u qrhjiesi u opdes¡.i'dgbcdResi,h dg¡	qri ¥'¦ ¡.o|dyo|d¨cm.i'eg¡	i* l]{}{plHopn.eRl u iDq]dQl]n	d ¥ ¹Q<¿ ¦ ¡.i u iD6m.{|q u o}eRb
lres¡.izl u ci u o|d!ophjl u e¯qrnAe!esli,n	dgm u iqkl ugu iDkezl u ci u ci,egiDkegopl6n/¬¹=]¿´» ³R¼¨½¾ a%opd!esq6o}{pl u iD l u dQbcdQegiDhjd!o¢es¡±q
dgo}n.]{}i¨zl u ci u ¹åo¢e¯dl6m.egi u zl u ci u ¿ ¥
 Ì     
=6c	
 ÌC  Ì DD ¦ ¡	i
O()
kl6hjh*m.n.o|k,qHeso}l]n?klAdRe[ophjlAdQi<@zWbi<q6k¯¡@.¡q6dgi$cm u o}n	eg¡.i*i­ciDk,mcegopl6n@l6^eg¡.i
» ³R¼¨½¾ aqr{p6l u o}eg¡.h ¡	q6d$ziDi,n².l6n.il]n²aWiDkegopl6n\+ ¥  i u i6¬opd$ u iDdgi,nAegi<Âeg¡.i%q6k¤esm	qr{kl6hjh*m.n.o|k,qHeso}l]n°klAdRel6q6n
i­ci<kmceso}l]n ¥¦ ¡	opdklAdRe¨dQm.hdym.?es¡.ijkl]dQe[l61iDq]k¯¡@.¡	q6dgi¹ u i<k,q6{}{
N
o|d!es¡.i$eslre¯qr{nAm	h$zi u lrvn.lcci<d[l6veg¡.i'dQbcdQegiDh%¬
y
qrn
z
q u i$eg¡.i'nWm.h$zi u dlrvopn.o¢esopqregl u dqrn	±i u ophjiesi u zlWl6esdQe u qr?n.lcci<d,¬ u iDdgi<k¤eso}£]i,{pb6¬qrn	
d
opd[eg¡.ijdgo}§Di*l6veg¡.i
klWl u copn	qregi¨dQbcdQegi,h¿µ
O((2 + y + d) ∗ N + 4 ∗ z
√
N
¿ ¥
! o}]m u ikl]nc© u hjdeg¡.i$eg¡.iDl u iego|k,q6{ u iDdgm.{¢e¯d!zWb~dQ¡.lHopn.jes¡	qHeyeg¡.ihji<dgdsqr]ikl6hjh*m.n.o|k,qHeso}l]n@kl]dQe[i u n.lcci l u
eg¡	i[» ³R¼¨½¾ akl]n	dQe u m	k¤eso}l]nopd{}lH q6n	opn	ci,i,nci,nAe´lreg¡	i[n.i,eRl ug dQop§,i ¥³ e´k,q6nziyl6z	dgi u £6i<*eg¡	qre1 l u opn	k u iDq]dQopn.
n.i,eRl ug dgo}§Diqrn	%n.iDo}]¡Wzl u d´ciDn	dQo}eRb6¬.eg¡.inWm.h*zi u lro}n	o¢esopqregl u d´o|d!kl]n	dRe¯qrnAe!qrn	 u i,hqropn	d´{plH ¥^³ n@q6.co}egopl6n¬.i,£]i,n
o}^eg¡.i$eglre¯qr{nWm.h$zi u lrvhjiDdsdgq66i<di­.k¯¡	q6n.6i<opn@es¡.i$n.i,eRl ug  u lH!d´n.i<q u {}b%{}opn.i<q u {}b%o¢es¡@eg¡	i$nWm.h$zi u lr^n.lcci<d,¬
eg¡	iqO£6i u q66ijnWm.h$zi u lr!hjiDdsdsqr6i<di u n.lcciUo|d  i,ce'{}lH qrnª u iDdgi,nAesdq®dQ{pop6¡Ae*ci<k u iDq6dgio}eg¡°es¡.iUopn	k u i<q6dgilr
eg¡	i*n.i,eRl ug dgo}§Di ¥¦ ¡.o|dkDqrn?zi'i­c.{|qropn.iD@zWb~es¡.i$åq]k¤eyeg¡	qreopn.n.i u n	lW.iDdy¡	qO£6i'qUkl]n	dQesqrnAenAm	h$zi u lr1hjiDdsdsqr6i<d
egl@i,­.k¯¡	qrn.]i'q6n	±eg¡	qrel6n.{pb±zl u ci u `ziD{¢en.lcci<d¨i­.k¯¡	qrn	6iq6..o¢eso}l]n	qr{^hjiDdsdsqr6i<d4(   ¥U¦ ¡.inWm.h*zi u lr´zl u .i u Yzi,{}e
n.lcci<d,¬c¡.lHi,£]i u ¬cciDk u i<q6dgiDdo¢es¡%eg¡.idgo}§Di¨lres¡.idgbWdQegiDh~¬.¡.o|k¯¡zWbUk,l6n	dgi Am.iDn	ki]¬.ciDk u i<q6dgiDdeg¡.iqO£]i u qr]i[klAdRe ¥
 
  ÈªÌ $ ÌC @ È  È  È aco}hjop{pq u {pb@egl?k,l6hjh$m	n.opkDqHeso}l]n®klAdRe<¬eg¡	ijeg¡.iDl u iego|k,q6{egophjikl]dQeq]d¨copdskmdgdgiD±eg¡ u l6m	6¡
eg¡	i» ³R¼½¾ aU dci<dgk u opcegopl6n~qHe´es¡.iaWiDkegopl6n + ¥^¦ ¡Wm	d,¬Wes¡.iegl6esqr{i,­ci<k¤egi<k,l6nW£6i u ]i,n	k,i!eso}hji¨opd
2 + (2
√
2 + 4)
√
Nopn]esi u q6kegopl6n	d ¥
. 	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! o}]m u iUD	µ$¹åqA¿  qHeso}llr1n.iDo}]¡Wzl u dyo¢es¡±es¡.ijdgq6h'ijklWl u copn	qregiDd ¥ ¹ z¿  o|dQegl6 u q6h  l u eg¡.ijco|dRe¯qrn	k,i*zieRi,iDn?eRl
n.lcci<deg¡	qre[dQ¡	q u ies¡.idgq6hjik,lAl u .o}n	qregi ¥
 c  È < = £]i,n~es¡.l6m.]¡~i$.ln.lre! lck,m	d!l]nes¡.i u l6mceso}n	k,qrqrz.op{}o}egopiDd!lH£6i u » ³R¼½¾ aK¬o¢eyopd[iD{}{  n	lHn%opn~eg¡	i
{po¢esi u qHegm u i ) 6,es¡	qHe!q6kDkm u qHesik,lWl u co}nqHegi¨dgbWdQegiDhd´{}i<q6Ueglkl ugu iDke u i,i<cb u l6mceso}n. ¥^¦ ¡.opd!opd´¡.op6¡	{}bU.i,i,n	ciDnAe´l]n
eg¡	inWm.h$zi u lr^n.lcciDd[¡.o|k¯¡@6ieyopciDnAego|k,qr{klWl u copn	qHesiDd!q]diD{}{q6d´es¡.i,o u[u iDdgiDk¤eso}£]i.¡WbcdQo|k,q6{l]dgo¢eso}l]n	d ¥³ n@l u ci u
egl?q]dgdgiDdsdeg¡	iq6k,k,m u q6kb@l6» ³R¼½¾ aK¬qrn	k,l6n	dgi Am.iDn]es{}b±o¢e¯d u l]mcegopn.@k,q6	qrz	o}{po¢eso}i<d,¬ihji<q6dgm u i<?es¡.inWm.h$zi u lr
n.lcci<do}n%es¡.i$dgbWdQegiDh dg¡	q u opn.$es¡.i$dsqrhjiklWl u copn	qregiDd ¥ x!hjl]n.'eg¡.lAdQi]¬.ik,l6n	dgo|ci u iDUeg¡.i l6{p{}lHopn.jhjie u o|kqHeeg¡	i
 u qrnWm.{|q u o}eRblrq6ni­ci u o}hji,nAe<µ JD:P JFZ ?I1!6GT:[<·;/O;T:!L"DM! 9B	7BIH·;CD5! 7-!<!· /T 'D7' ¥ aWbcdResi,hd1eg¡	qrehji,i,e
eg¡	opdhjie u o|k*q u i$i u  i<k¤eg{pb?dgm.o¢e¯qrz.{pi* l u  u i,iD.b u l6mceso}n		µ!qh'i<dgdsqr]i u iDq6k¯¡	o}n.eg¡.ijciDdQegopn	qregopl6n U dyk,lWl u co}nqHegi<d[q6{pdgl
u iDq6k¯¡	iDd1eg¡.iy©	n	q6{/ciDdQegopn	qHeso}l]n ¥  ies¡.i,ni u  l u hjiD
20
o}n	.i,i,n	ciDnAe´i,­ci u ophji,nAesd ¥ ! op6m u i'D¹åq]¿1dQ¡	lH!dves¡.i u qregopl
lr´i­ci u o}hjiDn]e¯deg¡	qre u i<dQiDkeeg¡.ik,l6n	dgo|ci u iD®hjie u o|kr¬/ l u coHKi u iDn]enWm.h*zi u lrn.lcciDd$qrn	
50
Ym.n	o¢e u q6copl u qrn	6i ¥
¦ ¡.i¨©	]m u i¨dg¡.lH!des¡	qHe l u dQl]hjin	lW.ici,n	dgo}egopiDdD¬ceg¡.ik,l6n	dgo|ci u iDhjie u o|k¨opd u iDdgiDk¤esiD%opn
100%
lreg¡.ikDq6dgiDd ¥"! l u
i­.q6h'	{}i]¬Ak,l6n	dgop.i u eg¡.iyl]o}nAe´lreg¡	ik,m u £]i
x = 1500
n.lcciDdD¬Wo¢e´hjiDqrndves¡	qHeo}n
96%
lres¡.ii­ci u ophji,nAesdD¬Wqr{p{n.lcci<d
dg¡	q u o}n	eg¡	ijdsqrhjijklWl u copn	qHesiDdyq u i*n.iDo}]¡Wzl u d ¥ ! l u n	ieRl us d[o¢es¡Âq%dghjq6{}{nWm.h*zi u l6n.lcci<dj¹ {piDdsd[es¡.i,n
800
opn
eg¡	i¨©	6m u i<¿¬Weg¡.i{plH u qHeso}l'o|di­c.{|qropn.iDzWbeg¡	i{}lH9ci,n	dgo}eRbUopnUes¡.idQbcdQegiDh ¥
! o}]m u iÂ<	¹åz¿'dQ¡.lH!d'es¡.i±co|dQesqrnkiDdjzieRi,iDnÁeRln.lcci<d'eg¡	qredQ¡q u iUes¡.i±dsqrhji@klWl u copn	qHesi%opn q
1000
Yn	lW.i
n.i,eRl ug q6n	
50
Ym.n	o¢e u q6copl u q6n.6i ¥K il6zdQi u £]iyes¡	qHe<¬	iD£6i,n~es¡.l6m	6¡@dQl]hjin.lcciDd[o¢es¡~eg¡.i$dsqrhjik,lAl u .o}n	qregi<dq u i
n.l6e*n.iDo}]¡Azl u d*V ·.;!?.p¬^es¡.i.opdQesq6n	kizi,eRiDi,neg¡	i,h o|d{|q u 6i u eg¡	q6n
R
o}nªes¡.i©6m u iMV®hjl]dQe*l6eg¡.i<dQin.lcciDd*q u i
n.iDo}]¡Azl u dqrhjl]n.jeg¡.iDhdQiD{}£]iDd ¥ 2 l u idgi<ko}©k,q6{}{pb6¬.eg¡.i u q6.¡@dQ¡	lH!dqj{pq u ]ikl6nki,nAe u qregopl6n%lrn.lcciDd!dg¡	q u opn.jeg¡	i
dsqrhjiklWl u copn	qHesiDd¡	i u ijeg¡.i%qO£6i u qr]i'.opdQesq6n	kizieRi,iDneg¡.iDh o|d{piDdsdes¡	qrnes¡.i u qHeso}l u qrn.]i
R
¥~¦ ¡	iDdgi u i<dQm	{¢e¯d
qHegegi<dRees¡.i6lWlc{pi,£]i,{/l6dg¡	q u .n.i<dgdlr» ³R¼¨½¾ aU dklWl u copn	qHesiDd´qrn	%o}esdkDqr	q6z.o}{po}egopiDdegldgm..l u e u l]mcegopn. ¥
 
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 Ì  x[d u i,£Wopl6m	dg{}bjco|dgk,m	dsdQi<¬6es¡.iydgbcdResi,h dg¡	qri[o|dq	q u qrhjiesi u eg¡	qre
k,q6ndQe u l6n.]{}bjophj	q6kees¡.iklWl u copn	qHesiydgbWdQegiDhÅkl ugu iDkegn.i<dgd ¥³ nUeg¡.o|ddgiDk¤eso}l]n/¬Wii­c.{pl u i!es¡.o|d´opdsdQm	iyzWbdg¡.lHo}n	eg¡	i
u iDdgm.{¢eso}n	U» ³R¼¨½¾ aU ddgi,]hji,nAeci,©	n.o}egopl6nÂm.n	ci u eRldgiDko}©k$egl]l]{}l]6opiDd ¥L! op6m u iU]]¹=q]¿!.i,.o|k¤e¯d[es¡.i u i<dQm	{¢ey l u q
cl]nAm.eQdQ¡	q6i<~egl]l]{}l]6b%o¢es¡
d = 4
opn®q66]H`n.lccin.ieRl usK¥ i*l]z	dgi u £6ies¡	qHe¨i,£]i,n?opn@eg¡	i* u iDdgi,nki$l6v£6l]op.d
¹R·.;!	.p¬ u iD6opl6n	dopn	dgopci´es¡.in.i,eRl ug es¡	qHe1.ln	lre1kl]nAesqropnjqrnWbn.lcci<ds¿¬6» ³R¼¨½¾ a*i u  l u hd^i,{p{.qrn	jk,l usu i<k¤eg{pbci,©	n.iDd
eg¡	i u i Am.o u iD
d = 4
q u ego}egopl6n	d ¥$¦ ¡.ij u iDdgi,n	k,i$l61eg¡	i'£]l6o|?{piDq].dyegl%eg¡.ici,egi<k¤egopl6n®lreRl%zl u .i u Yzi,{}esdD¬{}i,eQeso}n.
eg¡	iz.o}]6i<dRel6n	izim	dgiD%qHees¡.i£Wo u egm	q6{/klWl u copn	qHesi.i©	n.o}egopl6nª¹Q·.;!?.p¬KqHe t ¡	q]dQi<+W¿ ¥
! o}]m u i¨¹ z¿dg¡.lH!dq* m.n	kegopl6n	q6{/6iDl6hjie u o|kydQe u m	kegm u o}n	* l u q u i<k¤esq6n.6{pidg¡	qriDegl6l6{pl6]blr
2000
n.lcci<dqrn	
40
Ym.n	o¢e u q]copl u q6n.6i ¥¦ ¡.i'l6zce¯qropn.iD±6i,l]hjie u o|k$dQe u m	k¤esm u opn.%dQ¡.lH!d[eg¡qHe» ³R¼¨½¾ a@i u  l u hjdyi,{p{opnqegl]l]{}l]6b
o}eg¡@dQ¡q u %q6n.6{piDdeglWl (  ¥aWophjo}{|q u {}b]¬ ! o}]m u i®]]¹ z¿$dg¡.lH!d*eg¡.i~	q u eso¢eso}l]n.opn.®l6yqÂ66rYn	lW.iUn.i,eRl ug qrn
30
Ym	n.o¢e u q6copl u qrn.]i6¬v¡	i u i
n.lcci<d$i u idsk,qreQegi u i< l6{p{plHo}n.Âq?n.l u hq6{co|dQe u o}z.m.egopl6n ¥ª¦ ¡.iegl]l]{}l]6bÂ u i<dQiDnAesd$eg¡ u i,i¡.lredQlre¯d$l6ycoHKi u iDnAe
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! o}]m u iÂ]6µ°¹=q]¿'» ³R¼¨½¾ aU ddQiD6hji,nAeci,©	n.o}egopl6nÁ l u q®esl6l6{pl66b²o¢es¡ q{|q u 6i%£6l]opCopn eg¡.i?k,i,nAegi uD¥ ¹åz¿ *gÎ/opn.iB,
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